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1. Functions as an instrument 
 

a) Introduction to Functions with Examples 

1. Introduction to Functions 

2. The Notion of Function  

3. Examples 

4. Exercises 

5. Solutions 

 

1. Introduction to Functions 

Consider the following equation involving the variables x and y: 2y-3x=6 (i). 

Notice that the point (2, 6) satisfies the equation; that is, when the x-coordinate 2 is 

substituted for x and the y-coordinate 6 is substituted for y, the left-hand side, 2y - 3x, 

assumes the value of the right- hand side, 6.  

The graph of (i) consists of all points (a, b) that satisfy the equation when a is 

substituted for x and b is substituted for y.  

We tabulate some points that satisfy ( i ) in Fig. 3-l(a), and indicate these points in Fig. 

3-l(b). It is apparent that these points all lie on a straight line. In fact, it will be shown 

later that the graph of (i) actually is a straight line. 

In general, the graph of an equation involving x and y as its only variables 

consists of all points (x, y) satisfying the equation. 
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2. The Notion of Function  

 To say that a quantity y is a function of some other quantity x means, in ordinary 

language, that the value of y depends on the value of x.  

 For example, the volume V of a cube is a function of the length s of a side. In fact, 

the dependence of V on s can be made precise through the formula V = s3. Such a 

specific association of a number s3 with a given number s is what mathematicians 

usually mean by a function.  

 Consider the function f such that f ( x ) = x3 for all x. 

 

We have indicated a few points on the graph. 
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3. Examples 

 

• The elongation of  trees 

 Plants lenght increases in time and the process will slow down after some time. In 

fact, after a certain period is it even seen a decrease in the size of some plants. 

The lenght growth of a tree named ‘Sekoya’ grown in California was measured by 

meter in a year period and it was recorded. 

t (year) 1 2 3 4 5 6 7 8 9 10 

h (m) 1,1 2,5 3,8 5 6,2 7,4 8,5 9,5 10,5 11,4 

 

Let’s create a mathematical model based on the change in the  length of the tree. 
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h/m= height/meter            t= year            

 

It is seen in the graph that the length of the tree increased in a linearly over the 

years. However, it  does not mean that the change will be the same. The first step in 

analyzing the data is to calculate the change occuring in the lenght of the tree in time.  

It can be found by calculation the change amount of elongation in  time. 

h (m) 1,1 2,5 3,8 5 6,2 7,4 8,5 9,5 10,5 11,4 

∆h (m) 
 

1,4 1,3 1,2 1,2 1,2 1,1 1 1 0,9 

 

If we compare the values, it is easily seen that the amount of the elongation 

of the tree(∆h ) has decreased over time.
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The function that best represents the linear trendline indicated by the dot  is as 

follows.  

∆h ≅ 1,5 – h/20  

This function will reach zero after a while and the elongation will stop as it is a linear 

function. 

Whether the lenght of these trees increase in time or   not, and how their 

lenght changes are not only the subject of biology but also a math problem. 

 To obtain the solution of the problem mentioned, it is necessary to measure the 

lenght of the trees every year or use the data of previous years ,and thus you can 

create a mathematical model. 

 

• Students’ grades 

The maths exam result of a class with ten students in a private school is as follows: 

Student S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 

Grade 45 85 65 70 40 90 95 75 85 30 

 

Create a mathematical model about students’ grades. 

First, let me list the marks from the best to the worst:  

30 - 40 - 45 - 65 - 70 - 75 - 85 - 85 - 90 - 95 

Now, to understand better let’s show the marks on a graphic. 

The line in the graph pass on the nearest points ‘40’ and ‘85’. 

Let’s create a fitting curve according to this. 
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If we put the grades from the smaller mark to the bigger one, 

40 —> 2 

5 —> 8 .  

So this curve passes through the points (2,40) and (8,85). 

The equation is:  )( 10 xaaxf  . 
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Let's look at the chart again with the equation below.    

xxf
2

15
25)(                          

As you see we have found something very close to the function that the computers 

find. 

 

We have these results both by using the two points and benefitting from the model 

we draw on the computer. 

Using all the points, we can get a line too. But this process requires more complex and 

higher-level information. 

 

4. Exercises 

4.1. When digging into the earth, the temperature rises according to the following 

linear equation: 

 t = 15 + 0.01 h. 

t is the increase in temperature in degrees and h is the depth in meters. Calculate: 

 a. What the temperature will be at 100 m depth? 

 b. Based on this equation, at what depth would there be a temperature of 

100 ºC? 
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4.2. The pollution level in the centre of a city at 6 am is 30 parts per million and it 

grows in linear fashion by 25 parts per million every hour. If y is pollution and t is time 

elapsed after 6 am, determine: 

 a. The equation that relates y with t? 

 b. The pollution level at 4 o'clock in the afternoon? 

 

4.3. You have designed a new style of sports bicycle! 

Now you want to make lots of them and sell them for profit. 

Your costs are going to be: 

$700.000 for manufacturing set-up costs, advertising, etc 

$110 to make each bike 

Based on similar bikes, you can expect sales to follow this "Demand Curve": 

Unit Sales = 70.000 - 200P 

where "P" is the price. 

For example, if you set the price: 

at $0, you would just give away 70.000 bikes 

at $350, you would not sell any bikes at all. 

at $300 you might sell 70.000 - 200×300 = 10.000 bikes 

So ... what is the best price? And how many should you make? 

 

5. Solutions 

4.1. When digging into the earth, the temperature rises according to the following 

linear equation: 

t = 15 + 0.01 h. 

t is the increase in temperature in degrees and h is the depth in meters.  

 a. What the temperature will be at 100 m depth? 

t = 15 + 0.01 · 100 = 16 ºC 

 b. Based on this equation, at what depth would there be a temperature of 100 ºC? 
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100 = 15 + 0.01 h = 8,500 m 

 

4.2. The pollution level in the centre of a city at 6 am is 30 parts per million and it 

grows in linear fashion by 25 parts per million every hour. If y is pollution and t is time 

elapsed after 6 am, determine: 

 a. The equation that relates y with t. 

 y = 30 + 25t 

 b. The pollution level at 4 o'clock in the afternoon. 

 10 hours have elapsed between 6 in the morning to four in the afternoon. 

 f(10) = 30 + 25 · 10 = 280 

 

4.3. How many you sell depends on price, so use "P" for Price as the variable. 

Unit Sales = 70.000 - 200P 

Sales in Dollars = Units × Price = (70.000 - 200P) × P = 70.000P - 200P2 

Costs = 700.000 + 110 x (70.000 - 200P) = 700.000 + 7.700.000 - 22.000P = 8.400.000 - 

22.000P 

Profit = Sales-Costs = 70.000P - 200P2 - (8.400.000 - 22.000P) = -200P2 + 92.000P - 

8.400.000 

Profit = -200P2 + 92.000P - 8.400.000 

-200P2 + 92.000P - 8.400.000 = 0 

P2 – 460P + 42000 = 0 

P2 – 460P = -42000 

(b/2)2 = (-460/2)2 = (-230)2 = 52900 

P2 – 460P + 52900 = -42000 + 52900 

(P – 230)2 = 10900 

P – 230 = ±√10900 = ±104 (to nearest whole number) 

P = 230 ± 104 = 126 or 334 

What does that tell us? It says that the profit is ZERO when the Price is $126 or $334. 



 

2015 
Functions 
Applications 

 

  13 
 

But we want to know the maximum profit, don't we? 

It is exactly half way in-between! At $230 

 

Profit = -200P2 + 92.000P - 8.400.000 

The best sale price is $230, and you can expect: 

Unit Sales = 70.000 - 200 x 230 = 24.000 

Sales in Dollars = $230 x 24.000 = $5.520.000 

Costs = 700.000 + $110 x 24.000 = $3.340.000 

Profit = $5.520.000 - $3.340.000 = $2.180.000 

A very profitable venture. 

  

b) Functions -  Basic Notions 

1. Definition 

2. Historical Landmarks  

3. Representations of Functions 

4. Function’s Graph 

5. Monotonicity 

 

1. Definition 

A function from 𝐴 to 𝐵 is an object  𝑓 such  that for every  𝑎 ∈ 𝐴 there is an unique 

object  f(𝑎) ∈ 𝐴. 
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We call 𝐴 the domain of 𝑓 and 𝐵 codomain of 𝑓. 

A function from 𝐴 to 𝐵 is a rule of correspondence between two variables 𝑥 ∈ 𝐴 and  

𝑓(𝑥) ∈ 𝐵, where 𝑓(𝑥) is unique induced. 

We write 𝑦 = 𝑓(𝑥). 

Function describing a process. 

 

 

2. Historical Landmarks  

The idea of function was anticipated from ancient times and has evolved 

several  millenia. Over the last several centuries, the concept developed through a 

period in which the ideas of variable and a 

relationship between quantities were stressed. 

The word function appeared for the first time 

in an article of the German mathematician Leibniz 

(1692) where it was used to designate a geometric 

object.  

Leibniz  also introduced the terms:  variable and 

constants.  

The notation 𝑓(𝑥), to represent  a function of 𝑥, was 

used for the first time by the swiss mathematician 

Leonhard Euler. 

 

”A function of a variable quantity is an analytical 

expression composed in  anyway whatever from  that 

variable quantity and numbers and constant 

quantities.”  Euler - Introductio in Analysin 

Infinitorum -1748 

Process  Function  Object  

Gottfried Wilhelm Leibniz 

(1646-1716) 

Leonhard Euler  
(1707-1783) 
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Homework #1: 

Use the Internet to find out what  other mathematical notations was introduced by 

Euler. Find at least other two notations. 

René Descartes concevied the idea of 

unifying algebra and geometry with the 

rectangular coordinate system on a plane. He also 

created the ideea of graphing a function. 

Any function 𝑓: 𝐴 → 𝐵 could be identified 

with the geometric figure 𝐺𝑓 = {𝑃(𝑥, 𝑓(𝑥))|𝑥 ∈

𝐴}. 

When is a point 𝑃(𝑥, 𝑦) situated on the 

graph of function 𝑓 ?  

     

 

 

 

 𝑃(𝑎, 𝑏) ∈ 𝐺𝑓   ⇔   𝑏 = 𝑓(𝑎) 

 

 

     

 

 

 

 

 

 

 

René Descartes 

(1596-1650) 
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3. Representations of Functions 

1. Verbally (by a description in words)  

• The function that associates  to every natural number his square; 

• The outdoor air temperature  as a function of the time of the day. 

2. Numerically (by a table of values) 

x -1 0 1 2 3 4 

f(x) 2 1 3 -2 0 1 

3.    Algebraically (by an explicit formula) 

 
4.   Visually (by a graph) 

  

  

 

 

 

 

 

 

 

 

 

  

{
𝑓: [0, +∞) → ℝ

𝑓(𝑥) = 1 − 2𝑥
 

{
𝑔:ℝ → (0,+∞)

𝑔(𝑥) =
1

1 + 2𝑥2
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5. Using an Arrow Diagram 

 

Exercises 

1. Find the 𝑑𝑜𝑚𝑎𝑖𝑛 and 𝑐𝑜𝑑𝑜𝑚𝑎𝑖𝑛 for each previous presented function. 

2. Represent the graph  of the functions described by: 

x -2 -1 0 1 2 

f(x) 2 1 0 1 3 

Using the table, we find: 

 𝐺𝑓 = {𝐴, 𝐵, 𝑂, 𝐶, 𝐷}  

𝑏) 𝑓: [1, +∞) → ℝ,   𝑓(𝑥) = 2 − 𝑥 

b 

a 
0 

1 

c 

2 

3 
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The graph is a line, so we need two points:  

x 1 … 2 +∞ 

f(x) 1 … 0 … 

 

3. Considering the function f with given graph 

a) Represent the function using a table of values; 

x -2 -1 1 4 

f(x) 4 3 1 -1 

b) Represent the function algebraically, using an explicit formula  

Points of the graphs seem to be colinear, so: 

𝑓(𝑥) = 𝑎𝑥 + 𝑏. 
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𝐵(−1,3) ∈ 𝐺𝑓 ⇒ 𝑓(−1) = 3 ⇒ −𝑎 + 𝑏 = 3

𝐶(1,1) ∈ 𝐺𝑓 ⇒ 𝑓(1) = 1 ⇒ 𝑎 + 𝑏 = 1

{
𝑎 = −1
𝑏 = 2

⇒ 𝑓(𝑥) = 2 − 𝑥 

 

 The formula works for all points. 

 

6. Function’s Graph 

Linear function 

Consider the function  {
𝑓:ℝ → ℝ,

𝑓(𝑥) = 3𝑥 − 1
 

The graph is a line so we need just two points.   

x −∞ 0 1 +∞ 

f(x) … -1 2 … 
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Cuadratic  function 

Consider the function  {
𝑓:ℝ → ℝ,

𝑓(𝑥) = −𝑥2 + 2𝑥
 

     𝑥 −∞ . . . 0 . . . 1 . . . 2 . . . +∞
𝑓(𝑥) . . . ↗ 0 ↗ 1 ↘ 0 ↘ . . .

 

The graph is a parabola. 
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More complicated cases : 

Consider the function 

  {
𝑓: ℝ∗ → ℝ,

𝑓(𝑥) =
√1+𝑥2

𝑥

  

In this case, we can use a mathematical software as: 

• Geogebra – a free license software 

used for many  branches of 

Mathematics 

 

 

• Microsoft Mathematics – educational 

software provided by Microsoft 

The syntax for this function is: 

𝑓(𝑥) = (𝑠𝑞𝑟𝑡 (1 + 𝑥^2) 𝑥⁄ ) 

 

Homework #2: 

Represent the graphs of the functions: 

a) 𝑓: (−∞, 2] → ℝ,  𝑓(𝑥) = 3 − 2𝑥 

b) 𝑓:ℝ → ℝ,  𝑓(𝑥) = √1 + 𝑥2 

c) 𝑓:ℝ → ℝ,  𝑓(𝑥) =
𝑥

1+𝑥2
 

For b) and c) use an appropriate mathematical software. 

 

5. Monotonicity 

A function 𝑓, defined on subset of the real numbers with real values is called  

monotonic  if it is either entirely increasing or decreasing. 
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A function 𝑓: 𝐴 → 𝐵(where 𝐴, 𝐵 ⊂ ℝ)is 

called monotonic increasing (or non-

decreasing) if for any two points 𝑥, 𝑦 ∈ 𝐴 

such that 𝑥 ≤ 𝑦,  we have  𝑓(𝑥) ≤ 𝑓(𝑦). 

𝑓:ℝ → ℝ

𝑓(𝑥) = 𝑥3 + 𝑥 + 1
 

f is an increasing function if it preserves 

the given order. 

 

 

In other words, thinking at x as a stimulus and f(x)  as a  response, when we 

increase the intensity of the stimulus we get a more intense response. 

𝑓:ℝ → ℝ

𝑓(𝑥) = {

𝑥3 + 1, 𝑥 < 0

1,  0 ≤ 𝑥 ≤ 1

2𝑥2 − 1,  𝑥 > 1

  

 

 

 

 

 

 

For example: If we increase the  temperature 

of the gas inside the ballon, the volume will 

increase too. So volume is an increasing 

function of temperature. From 𝑝𝑉 = 𝜈𝑅𝑇  

the graph of the volume variation is: 
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A function 𝑓: 𝐴 → 𝐵 ( where 𝐴, 𝐵 ⊂ ℝ) is called monotonic deacreasing (or 

non-increasing) if for any two points 𝑥, 𝑦 ∈ 𝐴 such that 𝑥 ≤ 𝑦,  we have  𝑓(𝑥) ≥ 𝑓(𝑦). 

f is an increasing function if it reverses the given   order. 

𝑓:ℝ → ℝ

𝑓(𝑥) = {
𝑥2 + 1,  𝑥 < 0
1,   0 ≤ 𝑥 ≤ 1

2 − 𝑥2,  𝑥 > 1

 

 

𝑓: (0, +∞) → ℝ

𝑓(𝑥) =
1

𝑥

 

 

 

 

In other words, thinking at x as a 

stimulus and f(x)  as a  response, when we 

increase the intensity of the stimulus we 

get a lower-intensity response. 

Consider an electric circuit with a variable 

resistor R = 𝑥 and constant potential 

difference 𝑉 = 𝑘 .  

The current, 𝐼, becomes a function of 𝑅 . 

Using the Ohm’s Law (𝑈 = 𝐼 ⋅ 𝑅), we get the function’s formula: 

𝐼(𝑥) =
𝑘

𝑥
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I is a decreasing function, as we 

see in the figure.  

 

 

 

 

 

•  

Homework #3: 

1. Prove that f: [0, +∞) → ℝ,  f(x) = x2 + x is an increasing function. 

2. Give an example of a daily activity or a natural process that can be interpreted 

by an increasing function. 

3. Give an example of a daily activity or a natural process that can be interpreted 

by a decreasing function. 

 

A function 𝑓: 𝐴 → 𝐵 ( where 𝐴, 𝐵 ⊂ ℝ) is called strictly increasing if for any two 

points 𝑥, 𝑦 ∈ 𝐴 such that 𝑥 < 𝑦,  we have  𝑓(𝑥) < 𝑓(𝑦). 

𝑓1 is an increasing function 

𝑓1 is a strictly increasing function 

 

𝑓2 is an increasing function 

𝑓2 is not a strictly increasing function 

 

f2 f1 
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A function 𝑓: 𝐴 → 𝐵 ( where 𝐴, 𝐵 ⊂ ℝ) is called strictly decreasing if for any 

two points 𝑥, 𝑦 ∈ 𝐴 such that 𝑥 < 𝑦,  we have  𝑓(𝑥) > 𝑓(𝑦). 

𝑓3 is an decreasing function 

𝑓3 is not a strictly decreasing function 

 

𝑓4 is a decreasing function 

𝑓4 is a strictly decreasing function 

 
 

 

 

c) Linear Function 

a) Definition 

b) Properties  

c) Graphic 

d) Sign 

e) Exercices 

 

a) Definition 

Let D⊂ 𝑹 be a non null set;  f:D→ 𝑹 is called a linear function if f(x)=ax+b, a,b∈ 𝑹 

If a=0, f(x)=b for every x and f is a constant function. 

𝑎 is called the slope of the line and it represents the tangent of the angle that the 

graph forms with OX. 

Examples: 

1. f: 𝑹 → 𝑹,  f(x)=3x+4 

f4 

f3 
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2. f: 𝑹 → 𝑹, f(x)=3 

3. f: 𝑹 → 𝑹,  f(x)=2x-5 

 

b) Properties 

1. The graph of any linear function is a line. 

Because of this, when we have to represent the graph of such a function, it is 

sufficient to represent two points of the graph. We usually consider the intercepts 

with the axes. 

1. If a=0, f is called constant and its graph is parallel with Ox 

2. If a>0, f is an increasing function (x<y implies f(x)<f(y) ) (the positive slope 

indicates the angle formed with OX is less then 90 degrees) 

3. If a<0, f is a decreasing function  (x<y implies f(x)>f(y) ) (the negative slope 

indicates the angle formed with OX is more then 90 degrees) 

 

c) Graphic 

Graph’s intercepts with the axes:  

-x-intercept: A(-b/2a,0) 

-y-intercept: B(0,b) 

 

 

 

 

d) Sign 

x −∞  -b/2a  +∞ 

f(x)              -sgn(a) 0 sgn(a) 
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 Examples 

• 1. Let f: R → R,  f(x) = x + 3. 

The function is a linear one, an increasing function, because 1>0, the sign is negative 

when xϵ(−∞,−3) and positive when xϵ(−3,  ∞). The intercepts with the axes are: 

A(-3,0) and B(0,3) 

• 2. Let f: R → R,  f(x) = −2x + 4. 

The function is a decreasing function, because -2<0, the sign is positive when 

xϵ(−∞, 2) and negative when xϵ(2,∞). The intercepts with the axes are A(2,0) and 

B(0,4). 

 

d) Exercises 

1. Let f: 𝐑 → 𝐑, f(x)=3x-6 be a linear function. 

a) Represent the graphic of the function 

b) Find the intersections of the function’s graphic with the axes 

c) Find the aria of the triangle formed by the axes and the function’s graphic 

d) Solve the inequality: f(x)>0 

2. Let f: 𝐑 → 𝐑 be the function f(x)=ax+1 

a) Find the real number a such as A(1,2) is on the graphic’s function 

b) For a=1, represent the graphic of the function and find the distance from O(0,0) to 

the function’s graphic 

c) For a=√2, solve the inequality f(x)<2x+3-√2 

 

d) Trigonometric Functions 

1. The trigonometric circle 

2. Sine Function 

3. Cosine Function 

4. Tangent Function 

5. Cotangent Function 
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1. The trigonometric circle 

The trigonometric circle is a mathematical notion used in trigonometry, to 

introduce the trigonometric functions. 

It is a circle centered in the origin of a rectangular coordinate system; it has the radius 

equal to one unity and a positive trigonometric sense. 

Apart from the notions defined in the rectangular triangle, we can extend sine 

and cosine as follows:  for every real number t ∈ [0,2π] there is a unique point on the 

trigonometric circle, M(t), such as the length of the arch measured in a positive 

trigonometric sense from A(1,0) to M equals t. As M is a point in plane, it has two 

coordinates: its abscissa is called cosine of t (cos t), and its ordinate is called the sine 

of t (sint). 

If x is a real number, there is a unique writing of x as 2kπ+t, where k is [
x

2π
]and 

t∈ [0,2π], t=x-2kπ. The trigonometric functions sine and cosine are defined as 

sinx=sint and cosx=cost. 

The tangent and cotangent are defined as 
sinx

cosx
 and respectively 

cosx

sinx
, 

whenever the denominator is not zero. 

 

2. Sine Function 

f: 𝐑 → [−1,1], f(x)=sin x 

Properties: 

1. sin x∈ [−1,1], ∀x ∈  𝐑 

2. sin(-x)=-sinx, ∀x ∈  𝐑 

3. sin(x+2kπ)=sinx, ∀x ∈  𝐑,  

for any integer k 

4. The function’s graphic is a sine 

 curve: 

 



 

2015 
Functions 
Applications 

 

  29 
 

 

3. Cosine Function 

f: 𝑹 → [−1,1], f(x)=cosx 

Properties: 

1. cosx∈ [−1,1], ∀𝑥 ∈  𝑹 

2. cos(-x)=cosx, ∀𝑥 ∈  𝑹 

3. cos(x+2k𝜋)=cosx, ∀𝑥 ∈  𝑹, for 

 any integer k 

4. 𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑥 = 1, ∀𝑥 ∈  𝑹 

5. The function’s graphic is a sine  

curve: 

 

4. Tangent Function 

f: 𝑹− {(2𝑘 + 1)𝜋/2} → 𝑹, k∈ 𝒁,  

f(x)=tgx=sinx/cosx 

Properties: 
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1. tg(-x)=-tgx, 

∀𝑥 ∈  𝑹 − {(2𝑘 + 1)𝜋/2}, k∈ 𝒁 

2. tg (x+kπ)=tgx, 

∀𝑥 ∈  𝑹 − {(2𝑘 + 1)𝜋/2}, k∈ 𝒁 

3. The function’s graphic: 

 
5. Cotangent Function 

f: 𝑹− {𝑘𝜋} → 𝑹, k∈ 𝒁, f(x)=ctgx=cosx/sinx 

Properties: 

1. ctg(-x)=-ctgx, ∀𝑥 ∈  𝑹 − {𝑘𝜋}, k∈ 𝒁 

2. ctg (x+kπ)=ctgx, ∀𝑥 ∈  𝑹− {𝑘𝜋}, k∈ 𝒁 

3. The function’s graphic:  
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e) Quadratic Functions 

a) Definition of a Polynomial Function and Classifying Polynomials 

b) Quadratic Function 

c) Parabola Characteristics 

d) Graphing and Analyzing the Function 

e) The Discriminant  

 

a) Definition of a Polynomial Function and Classifying Polynomials 

Let n be a nonnegative integer and let an, an-1,…, a2, a1, a0, be real numbers with 

an ≠ 0.  

 The function defined by  

f (x) = anxn + an-1x
n-1 +…+ a2x

2 + a1x + a0 

is called a polynomial function of x of degree n . 

The number an, the coefficient of the variable to the highest power is called the 

leading coefficient. 

Polynomials are often classified by their degree. The degree of a polynomial is 

the highest degree of its terms. 

Degree 

 

Name of Polynomial  Function Example 

Zero Constant Function f(x) = 2 

First Linear Function f(x) = 2x + 1 

Second Quadratic Function 
 

etc. … … 

 

The graphs of polynomial functions are SMOOTH and CONTINUOUS. 

This fact helps us to sketch their graphs fairly well by hand. 

So far we have only plotted linear (straight line) graphs, but now: 
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Linear Function and Constant Function 

• Input-output table 

y = ax + b   

(Parent Function) 

 

 

 

 

 

 

 

b) Quadratic Function 

 When you  hit a ball in the air,  kick a soccer ball or shoot an arrow, it arcs up into 

the air and comes down again following the path of a parabola- graph of the 

quadratic function. 

 

x y=2x+1 

-1 -1 

0 1 

1 3 
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Input-output table 

y = x2 (Parent Function) 

 

 

 

 

 

 

• A polynomial function of degree 2 is called a quadratic function. It is of the form 

                 f(x) = ax2 + bx + c, 

a, b, and c are real numbers and a  0. 

The graphs of all quadratic functions have the same basic shape called a parabola.  

 

c) Parabola characteristics 

 The maximum or minimum point is called the vertex. 

 If  a  is positive the graph opens up. (Minimum) 

 If  a  is negative the graph opens down.(Maximum) 

 The line that divides a parabola directly in half is called its axis of symmetry. 

 

• The leading coefficient   a: 
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• Examples of different parabolas 

       vertex:  minimum 

a>0 

ax
is

 o
f 

sy
m

m
et

ry
 

a<0 

       vertex:  maximum 

ax
is

 o
f 

sy
m

m
et

ry
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• Note:  

 A parabola opens upward if a is positive and opens downward if a is negative. 

The leading coefficient  a  controls the width of the parabola. 

 

 

 

 

 

 

 

Larger values of |a| result in a narrower parabola, and smaller values of |a| result in 

a wider parabola. 

• Check your understanding 

1) A graph of the polynomial   p(x)  is shown in the figure below. Which of the 

following could be p(x) ?  

 A.  p(x)= x-1 

 B.  p(x)= x+1 

C.  p(x)= x2-1 

D. p(x)= x2+1 

 

 

2) Graphs of functions f(x)=x2 and g(x)=0.5 x2  and  are shown below.  Which of the 

following  is correct? 

A.  line 1 is a line of f(x) 

B.   line 1 is a line of g(x) 
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3) Foreach function evaluate f(2), f(0) and f(-3). 

a) 𝑓(𝑥) = 𝑥2 − 2𝑥 + 3  

𝑓(2) = 3 

𝑓(0) = 3 

𝑓(−3) = 18 

c) 𝑓(𝑥) = −
1

2
𝑥2 + 5𝑥 − 6𝑥 

𝑓(2) = 2 

𝑓(0) = −6 

𝑓(−3) = −25.5 

4) Which of the following graphs represents 𝑓(𝑥) = −(𝑥 + 2)2 ? 

A.  graph 1 

B.  graph 2 

C.  graph 3 

 

 

 

 

 

d) Graphing and Analyzing the Function 

Use the following steps when dealing with a quadratic function   f(x)=ax2+bx+c:                

Step 1.  Find the x-intercept(s) by solving the equation f(x)=0. 

Step 2.  Find the coordinates of the vertex 

 

1 

2 

3 
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Step 3.  Find the y-intercept f(0).  

Step 4.  Draw the graph using the steps 1.- 3. 

 

•  For example: 

a)  𝑓(𝑥) = 𝑥2 − 3𝑥 − 4 

1) x-intercept(s) 

𝑥2 − 3𝑥 − 4 = 0 ⟹ 𝑥1 = −1, 𝑥2 = 4 

2) the coordinates of the vertex 

𝑥0 = ℎ = −
−3

2
=
3

2
= 1.5 

𝑦0 = 𝑘 = −
4 ⋅ 1 ⋅ (−4) − (−3)2

4 ⋅ 1
= −

25

4

= −6.25 

𝑉(1.25,−6.25) 

3) y-intercept 

𝑓(0) = −4 

Analyzing the graph we can also indicate where the function is increasing or 

decreasing. 

 

b)  𝑓(𝑥) = 𝑥2 − 3𝑥 + 4 

1) x-intercept(s) 

𝑥2 − 3𝑥 − 4 = 0 ⟹ 𝑥1, 𝑥2 ∉ ℝ 

2) the coordinates of the vertex 

𝑥0 = ℎ = −
−3

2
=
3

2
= 1.5 

𝑦0 = 𝑘 = −
4 ⋅ 1 ⋅ 4 − (−3)2

4 ⋅ 1
=
7

4
= 1.75 

𝑉(1.5, 1.75) 

3) y-intercept 

𝑓(0) = 4 
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Interval of increase and decrease: decreases (−∞, 1.5), increases (1.5,−∞). 

Range of the function: [1.75,+∞). 

 

c)  𝑓(𝑥) = −𝑥2 + 4𝑥 − 4 

1) x-intercept(s) 

−𝑥2 + 4𝑥 − 4 = 0 ⟹ 𝑥1 = 𝑥2 = 2 

2) the coordinates of the vertex 

𝑥0 = ℎ = −
4

−2
= 2 

𝑦0 = 𝑘 =
4 ⋅ (−1) ⋅ (−4) − 42

4 ⋅ 1
= −

0

4
= 0 

𝑉(2, 0) 

3) y-intercept 

𝑓(0) = −4 

Interval of increase and decrease: decreases (−∞, 2), increases (2, +∞). 

Range of the function: (−∞, 0]. 

 

e) The Discriminant  

The discriminant is 𝐷 = 𝑏2 − 4𝑎𝑐. 

It can tell us about the number of  x-intercepts  you will have on the graph: 

• 𝐷 > 0…….two x-intercepts  on the graph 

• 𝐷 = 0…….one x-intercept   on the graph 

• 𝐷 < 0………no x-intercepts  on the graph 

 

It is convenient to convert the general (the standard) form of a quadratic equation 

𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐  

to what is known as the vertex form  

𝑓(𝑥) = 𝑎(𝑥 − ℎ)2 + 𝑘, 𝑎 ≠ 0 

where: 

• a indicates a reflection axross the x-axis 

and/or compression 

• h indicates a horizontal translation 

• k indicates a vertical translation 
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• Generalization 

 Vertex is (ℎ, 𝑘). 

 Line or axis of simetry: 𝑥 = ℎ. 

 𝑓(𝑥) = 𝑘 is the minimum if 𝑎 > 0, otherwise is the maximum 

 Domain: set all of real numbers 

 Range: {𝑦|𝑦 ≤ 𝑘}if 𝑎 < 0; if 𝑎 > 0 the range is {𝑦|𝑦 ≥ 𝑘}. 

For example, vertex form: 

 

• Check your understanding 

5) Let D be a discriminant of the quadratic function  f(x) = ax2 + bx + c shown below. 
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For which of them is  a › 0 and D ‹ 0? 

 

 

 

 

6) Write a quadratic function represented by the no. 1 graph shown below.  

Use vertex form y = a(x – h)
2

 + k  

vertex: (2, –1) 

passes through: (0, 1) 

 y = 0.5(x – 2)2 – 1. 

 

 

 

7) Wich set of data describes the graph of the quadric function y = -2(x+3)2 -5 ? 

A. vertex: (3; -5); opens down 

B. vertex: (-3; -5); opens down 

C. vertex: (-3; 5); opens up 

D. vertex: (-3; -5); opens up 

 

8) Find a quadric function to model the values in the table. Predict the value of y for 

x=6. 

x -1 0 3 

y 2 -2 10 

A. 𝑦 = −2𝑥2 + 2𝑥 − 2; −58 

B. 𝑦 = 2𝑥2 − 2𝑥 − 2;  60 

C. 𝑦 = 2𝑥2 − 2𝑥 − 2;  58 

D. 𝑦 = −2𝑥2 + 2𝑥 + 2; −58 

9) The graph of f (x) = –0.005x 2 + x can be used to model the height in feet of a curved 

arch support for a bridge, where the x-axis represents the water level and y 

1 
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represents the distance in feet from where the arch support enters the water. Find 

the height of the highest point of the bridge. 

 50 ft 

10) A rocket is launched straight up from the ground. The 

quadratic function 

                            f (t ) = –15t 2 + 120t 

models the rocket’s height above the ground after t 

seconds. How long does it take  the rocket to return to the 

ground ?  

8 s

 

 

 

f) Exponential Function 

1. Legend of the Chessboard 

2. Exponential Function 

3. Transformations of Exponential Function 

4. The Natural Exponential Function 

5. Check your understanding   

 

1. Legend of the Chessboard 

 The legend goes that the tradition of serving Paal Paysam to visiting pilgrims 

started after a game of chess between the local king and the lord Krishna himself. 
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The king was a big chess enthusiast and 

had the habit of challenging wise visitors to a 

game of chess. One day a travelling wise man was 

challenged by the king. To motivate his opponent 

the king offered any reward that the wise man 

could name. The wise man modestly asked just 

for a few grains of rice in the following manner: 

the king was to put a single grain of rice on the first chess square and double it on 

every consequent one. 

Having lost the game and being a man of his word the king ordered a bag of 

rice to be brought to the chess board. Then he started placing rice grains according 

to the arrangement: 1 grain on the first square, 2 on the second, 4 on the third, 8 on 

the fourth and so on. 

Following the exponential growth of the rice payment the king quickly 

realized that he was unable to fulfil his promise because on the twentieth square 

the king would have had to put 1,000,000 grains of rice. 

 

2. Exponential Function 

• The exponential function with base a is defined for all real numbers x by  

𝑓(𝑥) = 𝑎𝑥  

where  𝑎 > 0 and 𝑎 ≠ 1. 

We assume that 𝑎 ≠ 1 because the function 𝑓(𝑥) = 1𝑥 = 1 is just a constant 

function.  

Here are some examples of exponential functions: 

  𝑓(𝑥) = 2𝑥              𝑔(𝑥) = 10𝑥                    ℎ(𝑥) = (
1

2
)
𝑥

 

 

 

 

Base 2 Base 10 

Base  
1

2
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• Example 1: 

Let 𝑓(𝑥) = 4𝑥 and evaluate the following: 

a) 𝑓(2)      b) 𝑓 (−
2

3
)        c) 𝑓(𝜋)       d) 𝑓(√2) 

Solution:    

a) 𝑓(2) = 42 = 16 

b) 𝑓 (−
2

3
) = 4−

2

3 = √
1

16

3
≈ 0.397 

c) 𝑓(𝜋) = 4𝜋 ≈ 77.88 

d) 𝑓(√2) = 4√2 ≈ 7.103 

 

• Example 2:   

Graph the exponential function 𝑓(𝑥) = 2𝑥. State the domain and range of the 

function. 

Solution:    

First, define the table of values.      

x - 4 - 3 - 2 - 1 0 1 2 3 4 

f(x) 1

16
 

1

8
 

1

4
 

1

2
 1 2 4 8 16 

 

Now, plot these points and connect them 

with a  smooth curve . 

The three ordered pairs in red in the table 

are marked in red on the graph.         

The domain of this function is the set of real 

number ℝ. 

The range is the set of  values greater than 0. 

Domain: ℝ. 

Range: {𝑦|𝑦 > 0}  .              
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• Example 3:   

Graph the exponential function g(𝑥) = (
1

2
)
𝑥

. State the domain and range of the 

function. 

Solution:    

First, define the table of values.  

x 4 3 2 1 0 - 1 - 2 - 3 -  4 

g(x) 
1

16
 

1

8
 

1

4
 

1

2
 1 2 4 8 16 

Notice that 𝑔(𝑥) = (
1

2
)
𝑥
=

1

2𝑥
= 2−𝑥 = 𝑓(−𝑥)  

And so we could have obtained the 

graph of g from graph of f  by 

reflecting in the y-axis. 

The domain of this function is the set 

of real number ℝ. 

The range is the set of  values greater 

than 0. 

Domain: ℝ 

Range: {𝑦|𝑦 > 0}. 

 

• Graphs of Exponential Functions 

For all exponential functions of the form 𝑦 = 𝑎𝑥   or     𝑓(𝑥) = 𝑎𝑥 ,   where  𝑎 > 0  and 

𝑎 ≠ 1, 

1. the domain of the function is ℝ, 

2. the range of the function is ⟨0,∞⟩, 

3. the graph of the function passes through the point (−1,
1

𝑎
), (0,1),  (1, 𝑎). 
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• Example 4:   

 Join  the exponential function with the number of its graph.  

1) 𝑓(𝑥) = (
1

4
)
𝑥

 

2) 𝑓(𝑥) = 3𝑥 

3) 𝑓(𝑥) = (
1

2
)
𝑥

 

4) 𝑓(𝑥) = 4𝑥 

5) 𝑓(𝑥) = 5𝑥 

 

 

 

 

3. Transformations of Exponential Function 

Use the graph of 𝑓(𝑥) = 2𝑥   to sketch the graph of each function: 

a) 𝑔(𝑥) = 2𝑥 + 1              b) ℎ(𝑥) = −2𝑥             c) 𝑘(𝑥) = 2𝑥−1 

Solution: 

a) To obtain the graph of  

𝑔(𝑥) = 2𝑥 + 1, we start with 

the graph of 𝑓(𝑥) = 2𝑥 and 

then shift it upward by 1 unit.  

The line y=1 is now a horizontal 

asymptote.  

 

b)  Again we start with the graph 𝑓(𝑥) = 2𝑥, but here we reflect in the x-axis to  

get the graph of  ℎ(𝑥) = −2𝑥. 

 

1) 

2) 3) 

4)  

5) 

Horizontal 
asymptote 
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c)  We start with the graph 

𝑓(𝑥) = 2𝑥and shift it to the right by 1 

unit, to get the graph of 𝑘(𝑥) = 2𝑥−1. 

 

 

 

 

4. The Natural Exponential  Function 

Any positive number can be used as the base 

for an exponential function. The same bases are used 

more frequently than others such as bases 2 and 10, 

but the most important base is the number denoted 

by the letter e. The number e is defined as the value 

that  (1 +
1

𝑛
)
𝑛

approaches as n is getting large. 

Correct to five decimal places, 𝑒 ≈ 2.71828. The 

notation e was chosen by Leonhard Euler, probably 

because it is the first letter of the word exponential. 

 

           n (𝟏 + 𝟏/𝒏)𝒏 

            1 

            5 

           10 

          100 

         1000 

       10000 

      100000 

2.00000 

2.48832 

2.59374 

2.70481 

2.71692 

2.71815 

2.71827 
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The natural exponential function is 

the exponential function 

                                     𝑓(𝑥) = 𝑒𝑥 

with the base e. It is often referred to as 

exponential function. 

 

• Example 5: 

Radioactive Decay 

A radioactive substance decays in such a 

way that the amount of the mass remaining after t days is given by the function  

m(𝑡) = 13𝑒−0.015𝑡 

Where 𝑚(𝑡) is measured in kilograms. 

a) Find the mass at time 𝑡 = 0. 

b) How much of the mass remains after 45 days? 

 

Solution: 

a)  𝑚(0) = 13𝑒0 = 13 kg 

b) 𝑚(45) = 13𝑒−0.015∙45 = 13𝑒−0.675 = 13 ∙ 0.509 = 6.617 kg 

 

5. Check your understanding 

1. Find the exponential function 𝑓(𝑥) = 𝑎𝑥  whose graph is given. 

 

 

  

a) b) c) 
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a) 𝑓(𝑥) = 3𝑥 

b) 𝑓(𝑥) = 5𝑥 

c) 𝑓(𝑥) = (
1

4
)
𝑥

 

2. Join the appropriate function  to 

each of the graphs : 

a) 𝑛(𝑥) = 0.9𝑥  

b) 𝑔(𝑥) = 3.1𝑥 

c) 𝑓(𝑥) = −1.4𝑥 − 3.4 

d) 𝑚(𝑥) = −0.6𝑥2 + 3.61𝑥 + 1.8 

 

 

 

 

3. Which of the following graphs represents 𝑓(𝑥) = 2𝑥+2 ?  

 

 

 

 

 

4. A population of wolves in a county is represented by the equation 𝑃(𝑡) = 80 ∙

(0.98)𝑡, where t is the number of years since 1998.  Predict the number of wolves in 

the population in the year 2015. 

Solution:  

2015 – 1998 = 17,  𝑡 = 17 and 𝑃(17) = 80 ∙ (0.98)17 ≈ 56.74 

Predict the number of wolves is 56. 

a)                                                 b)                                           c)                                                        d) 
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5. Cosmic-ray bombardment of the atmosfere produces neutrons, which in turn react 

with nitrogen to produce radioactive carbon–14. Radioactive carbon-14 enters all 

living tissues through carbone dioxide, which is first absorbed by plants. As long as a 

plant or animal is alive, carbone-14 is maintained in the living organism at a constant 

level. Once the organism dies, however, carbone-14 decays according to the equation   

𝐴 = 𝐴0 ∙ 𝑒
−0.000124𝑡 

where A is the amount of carbon-14 present after t years and 𝐴0 is the amount at 

time 𝑡 = 0.    If 1 000 mg of carbone-14 is present at the start, how many mg will be 

present in 

a)  10 000 years ?                           b)  50 000 years           

            

g) Logarithmic Function 

 

1. The Logarithmic Function 

2. The Graphic of Logarithmic Function 

3. Exercices 

 

1. The Logarithmic Function 

As we saw in the previous lesson, the exponential function is monotonic, so 

injective (for different values of x,the values of f(x) are different, too) and thus there 

exists an inverse function, called the logarithmic function. The inverse function means 

the function that reverses the correspodence, that is if f(x)=y, than the inverse 

function gives to y the value x.  It has the same properties as the direct function, and 

its graph is symmetrical to the first bisector with the graph of the exponential 

function. 

• So, the logarithmic function is 𝑓: (0,∞) → 𝑅,  𝑓(𝑥) = log𝑎 𝑥, where 

𝑎 > 0,  𝑎 ≠ 1 is the base of the logarithm. 

• The properties of the logarithmic function are: 
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1. For the base a>1, the function is increasing and its graph contains the point (1,0). It 

is injective and its range is R. 

2. For the base a<1, the function is decreasing and its graph contains the point (1,0). 

It is injective and its range is R. 

In order to draw the graph, we can use a table with values, or mirror the exponential’s 

one for the first bisector. 

 

2. The Graphic of Logarithmic Function 

To review: near are some 

different variations on the same basic 

logarithmic function, with the 

associated graph below each equation. 

Note that, even if the graph is moved 

left or right, or up or down, or is flipped 

upside-down, it still displays the same 

curve: 
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y=ln(x)+1 y=ln(-x)+1 y=ln(-x-1) 
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3. Exercises 

1. Draw the graph of the functions 𝑓: 𝑅 → (0,∞) and its inverse 𝑔: (0,∞) →

𝑅,  𝑓(𝑥) = 4𝑥,   𝑔(𝑥) = log4 𝑥 in the same table. Notice the symmetry and the 

convexity of the two graphs. What do you observe? 

2. A scientist starts with 100 bacteria in an experiment. After 5 days, she discovers 

that the population has grown to 350. 

a. Determine an equation for this bacteria population, knowing the form for such an 

experiment is 𝑃 = 𝑃0𝑒
𝑘𝑡,   where 𝑃0 is the innitial population and t the number  

of days. 

b. Use the equation to find the population after 15 days. 

c. Find out when the population is 1000. 

 

Solution: 

a. To find the equation, we need to know values for Po and k. 

Remember the equation is in the form P = Poekt, where P, e, 

and t are all parts of the equation we will come up with. We 

only need values for Po and k. Po is given by the amount the 

scientist starts with which is 100. Finding k requires a little 

more work. We know that Po is 100 and after t = 5 days 

the population P is 350. We can use this information to find k. 

Now that we know k, we go back to our general form of and 

replace Po and k. So our equation is P = 100e0.25055t. 

b. We will substitute the value of 15 for t in P = 100e0.25055t. 

P = 100e0.25055(15) = 100e3.75825 = 4287.33 

or approximately 4287 bacteria after 15 days. 

c. We will set our equation equal to 1000 to get 1000 = 100e0.25055t and solve. 

So between 9 and 10 days, bacteria the  population will be 1000. 
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3) Exponential Decay 

 Solving an exponential decay problem is very similar to working 

with population growth. In fact, certain populations may decrease instead of increase 

and we could still use the general formula we used for growth. But in the case of 

decrease or decay, the value of k will be negative.  

 

Let's Practice: 

The number of milligrams of a drug in a person’s  system after t hours is given by 

the function D = 20e-0.4t. 

Find the amount of the drug after 2 hours. 

 

Solution: 

To solve the problem we let t = 2 in the original equation. 

D = 20e-0.4(2) = 20e-0.8 = 8.987 

After 2 hours, 8.987 milligrams of the drug are left in the system. 

Find the amount of the drug after 5 hours. 

Replace t with 5 in the equation to get 

D = 20e-0.4(5) = 20e-2.0 = 2.707 

After 5 hours, 2.707 milligrams remain in the body. 

 

 

When will the amount of the drug be 0.1 milligram (or almost completely gone from 

the system)? 

We need to let D = 0.1 and solve the equation 0.1 = 20e-0.4t 

 After approximately 13 hours and 15 minutes, the amount of the drug will be 

almost gone with only 0.1 milligrams remaining in the body. 
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2. Applications in Statistics and Economy 
 

a) The Math of Money 

1. Simple Interest 

2. Compound Interest 

3. Compound vs Simple Interest 

4. Continuous Compounding 

5. Installment  Buying 

6. Annual Percentage Rate  (APR) 

7. Loans in Daily Life 

 

1. Simple Interest 

• Interest is the“rent”that a borrower pays a lender to use the lender’s money. 

When we take loan we pay interest; when we deposit money in bank, we get interest. 

 

• There are basically TWO types of Interest. 

They are: 

 Simple Interest 

 Compound Interest 

Simple Interest 

I = Prt  ;      A = P+I = P(1 + rt) 

where 

 I = amount of interest 

 P = present value (called "Principal") 

 r = interest rate 

 t = time (in years) 

 A = future value 
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• Check your understanding 

1)    € 3000   earning Simple Interest at 6%  per year for 2 years 

Total Simple Interest = € 3000 x 0.06 x 2 = € 360 Interest 

So at the end of two years we get: 

€ 3000 + € 360 = € 3360 

2) How much would you need to have on an account to earn € 100 simple interest in 

four months, assuming that the simple interest rate is 6.4 %? 

I = Prt  

100= P∙0.064∙(4/12) 

P= € 4 687.50 

 

• Remember… 

Simple interest is a type of interest that is paid only on the original amount deposit 

and not on past interest paid. 

 

• Want to Be a Millionaire? You Can! 

If you leave your money to grow for a long time, € 100 can turn into a million 

euros. No, seriously. How? Through compounding. 

 

2. Compound Interest 

• Compounding interest is "interest on 

interest." It is a method of calculating 

interest where the interest is added to 

the original principal. This new value is 

now our principal for the next time 

period. In this method the interest 

earned in past terms can earn interest in 

future terms. 
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• Compound Interest Formula 

𝐴 = 𝑃(1 +
𝑟

𝑛
)𝑛𝑡 

𝐴 = 𝑎𝑚𝑜𝑢𝑛𝑡 𝑎𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑒𝑑 

P=principal 

R=interest rate 

N=number of periods 

 

3. Compound vs Simple Interest 

INTEREST ing  Comparison : P=€ 1000;     r=7% 

Period/years Simple Interest Compound 

Interest 0 1.000,00  1.000,00  

1 1.070,00  1.070,00  

2 1.140,00  1.144,90  

3 1.210,00  1.225,04  

4 1.280,00  1.310,80  

5 1.350,00  1.402,55  

6 1.420,00  1.500,73  

7 1.490,00  1.605,78  

…  … 

P= € 1000;     r =7% 

Period/years Simple Interest Compound Interest 

23 2.610,00  4.740,53  

24  2.680,00  5.072,37  

25 2.750,00  5.427,43  

26 2.820,00  5.807,35  

27 2.890,00  6.213,87  

28 2.960,00  6.648,84  

29 3.030,00  7.114,26  

30 3.100,00   7.612,26  
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• Simple and Compound Interest Graph 

 

• So, after this research, would you rather earn compound or simple interest? 

Would you rather pay compound or simple interest? 

Time is on your side: the longer you save, the greater the effect of compound 

interest. But also, the longer you borrow, the quicker  your debts grow. 

 

• Compounding Periods  

When calculating compound interest, the number of calculating periods 

makes a significant difference. The basic rule is that the higher the number of 

calculating periods, the greater the amount of compound interest. 

A bank may pay interest as follows:  

 Semi-annually:  twice a year or every 180 days 

 Quarterly:   4 times a year or every 90 days 

 Monthly:   12 times a year or every 30 days 

 Daily:   360 times a year         

                       

• Check your understanding 

3) Find the future value of € 1000 invested for 10 years at 7% interest : 

a. compounded annually 

b. compounded  semi-annually 

c. compounded quarterly 

d. compounded daily 

3100,00 

7612,26 

0
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Compound vs Simple Interest 
7% per year for 40 Years 

FV (Simple Interest) FV (Compound Interest)
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Solution 

Identify the variables: P= € 1000,   r = 0.07,      t = 10 

a. n =1  ;  

b. n =2 ;   

c. n =4 ;   

d. n =360 ;   

𝐴 = €1000(1 + 0.07)10 = €1967.15 

𝐴 = €1000(1 +
0.07

2
)2⋅10 = €1989.79 

𝐴 = €1000(1 +
0.07

4
)4⋅10 = €2001.60 

𝐴 = €1000(1 +
0.07

360
)360⋅10 = €2013.62 

 

4. Continuous Compounding 

An interest is constantly computed  and added to the balance of an 

account, leading to an infinite amount of compounding periods. 

𝐴 = 𝑃𝑒𝑟𝑡 

 A  final amount 

 P  principal or original amount  

 r  rate of interest per year 

 t  time,  in years 

• Any discussion of compound interest is incomplete without a discussion on 

inflation. 

The inflation rates can varytremendously but in all our examples we will ignore it. 

 

5. Installment  Buying 

• An installment usually refers to either:  

 a sum of money paid in small parts in a fixed period of time. 
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 a single payment within a staged payment plan of a loan or a hire  purchase 

(installment plan) 

 

• Add-On Interest 

The simplest method for calculating interests is called Add-On Interest: it is nothing 

more than an application of the simple interest formula. 

• Installment  Loan  Formulas 

Amount of interest: I = Prt  

Amount to be repaid: A = P+I = P(1 + rt) 

Number of payments: N = 12t  

Amount of each  payment:    𝑚 =
𝐴

𝑁
  

 

• Check your understanding 

4) Say, you are interested in buying a new car, and need to come up with  € 25. 

000,00 in financing. The dealership offers you an installment plan with an add-on 

interest rate of 3.5% over 5 years. What, then, will be the size of your monthly 

payments? 

 

Solution 

Identify the variables: P= € 25.000,00;  r = 0.035, t = 5 years 

The total number of payment periods is:  

N = (2 per year)∙(5 years)= 60 

The total amount to be paid back to the dealer will be:  

A = P+I = P(1 + rt) = € 25.000,00∙(1+0.035∙5)= € 29.375,00 

Thus, the amount of each monthly payment is: 

𝑚 =
𝐴

𝑁
=
€29375.00

60
≈ €489.58 
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6. Annual Percentage Rate  (APR) 

• In the add-on interest method  you are not keeping the entire borrowed amount 

for the entire time of the loan period, which makes us wonder if the annual interest 

rate that we were  told is actually correct. 

So, in reality the true interest rate of the loan is called the Annual Percentage Rate or 

APR .                                 

 Formula to approximate the  Annual Percentage Rate for an add-on interest loan  is 

𝐴𝑃𝑅 =
2𝑁𝑟

𝑁 + 1
 

where, 

r – annual interest rate 

N – total number of payments     

             

• Why Use APR? 

Loans can be confusing.  Lenders quote a lot of different numbers that mean different 

things. 

They might include certain costs that you are likely to pay, or they might conveniently 

omit those costs in advertisements and brochures. You might even get completely 

transparent quotes from different lenders, but be unsure which one is less expensive 

(because the interest rates and closing costs are different). APR  helps you (more or 

less) get comparison of loans by accounting for all of the costs related to borrowing. 

 

• Comparison  

In Example 4, we considered the purchase of a car with a price of € 25. 000,00, paid in 

installments for over 5 years at an add-on rate of 3.5%. What is the APR?  

𝐴𝑃𝑅 =
2 ⋅ 60 ⋅ 0.035

60 + 1
≈ 0.06885 

The  APR  is   6.89%. This  is   almost twice   as much as the add-on rate! 
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7. Loans in Daily Life 

• Suppose:  

 the principal amount of a loan is € 200, 

  the interest rate is 5%, 

  transaction costs and fees are € 6. 

 In this scenario :  

 The amount of money borrowed is effectively only € 194 (€ 200 - € 6 in fees). 

 At the end of one year, the interest paid will be  € 10 (5% of  € 200) 

 This interest payment of  € 10 is 5.155% of  € 194.  

 Therefore, the effective rate that you pay (Annual Percentage Rate, or APR) is 

5.155%, even though the nominal interest rate is 5%. 

 This is exactly what happens in a mortgage. 

• Open-End Credit or A Credit Card Loan 

This type of loan allows purchase or cash advances up to a specified maximum line of 

a credit and has a flexible repayment schedule. But, be careful! 

 

b) The Family Budget 

 

1. The Budget 

2. Incomes 

3. Costs 

4. Types of Budget 

5. Saving Mmoney 

6. Statistics 

7. Economic Rationality in Family 

8. Opportunity Costs 

9.  Example 

10.  Applications 
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1. The Budget 

• The economic activity comes from the participation of the economic agents, which 

can function individually or in groups, making some economic operations. In the end, 

they will become economic goods.   

Depending on the type of activity they realize, economic agents are grouped as :  

 enterprises,  

 household or households arts,  

 administrations(public or private) banks and  

 other financial institutions . 

 

• Household arts is consumer’s world; they live together and gain incomes which are 

intended for purchasing, consuming products they need and make savings.  

They can be : 

 Families; 

 Different types of communities (hostels, hospices). 

 

• Each family has specific needs and limited resources .They have to be correlated in 

order to  obtain a better satisfaction with the lowest consummation of the 

resources. 

Theoretically, a person may have an infinite number of  preferences regarding the 

available goods and services, but its resources require certain compulsions. From a 

consumer’s perspective, the most important compulsion with which he has to cope 

with is the budgetary one. 

• The budget represents an estimation of incomes and costs on a defined period of 

time. 

The incomes are linked to the family’s resources and they are limited. 

The costs are connected to the level and the characteristics of consumption, features, 

family’s precise needs(their character is dynamic and unlimited).  
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By analyzing any personal budget, it is obvious that it is represented by costs and 

incomes. 

 

2. Incomes 

Incomes come from: 

1. Earnings 

2. Retiring pension 

3. Allowance 

4. Rent 

5. Warrant 

6. Others 

 

3. Costs 

Costs are aimed for: 

1. Consumption costs, revenue expenditure, alimentation(food), health, 

clothing, educating, transport,  relaxing, free time, socializing, trips, monthly 

rates etc. 

2. Production costs; 

3. Duties payments. 

 

4. Types of Budget 

Depending on the ratio between incomes and costs, there are 3 types of budget : 

• Surplus budget 𝑉 > 𝐶; 

• Balanced budget 𝑉 = 𝐶; 

• Deficit budget 𝑉 < 𝐶. 

 When 𝑉 > 𝐶 there is a tendency towards saving money. (𝐸 = 𝑉 − 𝐶). 
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5. Saving money 

This involves not spending the whole income and it appears because of two reasons: 

1. The first is to raise big amounts of money for spending them on something 

more expensive like purchasing expensive products or developing new 

projects. This way savings become investments which can be used on the 

concerned area : personal, family or bussiness. 

2. The second reason is having the specified amounts for incalculable or 

unpredictable situations. 

3. There is also the wish to profit by the rate of interest from the banks, pride, 

shabbiness, etc. 

 

6. Statistics 

1. According to NSI (National Statistics Institute) in the third quarter of 

2006,family expenses: the average of a family’s total costs were 1285 lei/month and 

439 leis/person.consumption, costs’ main target, were954 leis/month for a family and 

326 lei/person, with a balance of 74.3% in total costs. Also, total costs for family 

production were 74 lei/month, which represented 5,8% from total costs; charges and 

fees, which had an average of 179 lei, have a balance of 13,9%, from which the  

payroll tax of 60 leis, represents 4,7%. 

2.  Total costs were 93,7% of the total income in 2006. As a result, the savings 

level was 6,3%. 

 

7. Economic rationality in family 

The main problem of any family is related to the projects which have to be done 

by it.. Taking into account that the incomes are limited and the costs are unlimited, 

there is the problem of choosing or giving up; this being the manifestation of the 

“management”, rationality, in a family’s economy. “Good management” in a  family 

means maximum of the defined needs with the least (costs). 
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Rational economic behavior: it is important for every family to estimate their 

incomes and costs, savings possibilities, which will develop a rational economic 

behavior. Every family needs to make decisions based on their rationality, so they can 

maximize their advantages. It is essential for every human being that the limited 

resources are being used in the best possible way, while making the most 

advantageous decision which will assure his/her satisfaction. 

 

8. Opportunity costs 

• The best alternative which is being forgotten when the decision of using limited 

resources for the assurance of a precise product or services is called the opportunity 

costs (optional cost, alternative cost, the real cost when picking).  

 The formula which determines the opportunity cost:       

𝐶𝑂 = −
∆𝑋

∆𝑌
 

where ΔX is what is being gave up on and ΔY what is earned through a choice. 

• Explanation for the opportunity costs: 

If a person has a sum of 100 leis and he wishes to buy a pair of shoes or a perfume 

which costs 100 leis, and he chooses to buy the shoes, then the true cost of making 

this decision is giving upon the perfume.  

 

9. Example 

Let’s consider a family which has to pick between two types of costs. On its needs, 

the family builds a plan: developing the house, which implies purchasing furniture and 

electronics. The family has an income which allows them to afford these costs in one 

of the versions bellow. 
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Variants Purchase of furniture (piece) Amenities appliances (piece) 

A 0 10 

B 1 8 

C 3 6 

D 4 4 

R 5 0 

 

The graphic representation 

of the dependence of purchasing a 

quantity of good X considering the 

quantity of goods Y (budget’s 

compulsion). 

 

 

 

 Reckoning: Supposing the family gives up on two electronics for purchasing 

new furniture (1 pcc.).  

 Changing from A to B implies the opportunity costs: 

𝐶𝑂𝐴→𝐵 = −
8 − 10

1 − 0
= 𝟐 𝑝𝑐.   𝑎𝑝𝑝𝑙𝑖𝑎𝑛𝑐𝑒𝑠 𝑓𝑜𝑟 𝑎 𝑝𝑐 𝑜𝑓 𝑓𝑢𝑟𝑛𝑖𝑡𝑢𝑟𝑒 

Changing from B to C:  

𝐶𝑂𝐵→𝐶 = −
6−8

3−1
= 𝟏 𝑏𝑝𝑐 𝑜𝑓 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑖𝑐𝑠 𝑓𝑜𝑟 𝑎 𝑝𝑐 𝑜𝑓 𝑓𝑢𝑟𝑛𝑖𝑡𝑢𝑟𝑒 

Changing from C to D:  

𝐶𝑂𝐶→𝐷 = −
4−6

4−3
= 𝟐 𝑝𝑐.  𝑜𝑓 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑖𝑐𝑠 𝑓𝑜𝑟 1 𝑝𝑐 𝑜𝑓 𝑓𝑢𝑟𝑛𝑖𝑡𝑢𝑟𝑒 

Changing from D to E:  

𝐶𝑂𝐷→𝐸 = −
0−4

5−4
= 4 𝑝𝑐.  𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑖𝑐𝑠 𝑓𝑜𝑟 𝑜𝑛𝑒 𝑝𝑐 𝑜𝑓 𝑓𝑢𝑟𝑛𝑖𝑡𝑢𝑟𝑒 
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Interpretations: 

•  It noticeable the opportunity cost has a minimum when changing from B to C, 

then while the family gives up on more and more electronics for purchasing 

furniture, the opportunity cost increases.  

• This means the family will pick the choice which brings maximum 

satisfaction(opportunity cost is minimum). Which has once been chosen, must 

represent an advantage, instead of the loss, as the thing which has being given up. 

 

10. Applications 

Application 1 

For purchasing 2 coffees, Ioana spent  10 m.u. . With the same amount of 

money she could’ve bought 4 chocolates. Find the opportunity cost from purchasing 

one coffee. 

Solving: 

The price of the coffee  is 5 m.u, and a chocolate is 2,5 m.u. Buying one coffee, Ioana 

gave up on two chocolates:      

𝐶𝑂𝑐𝑜𝑓𝑓𝑒𝑒 = −
0−4

2−0
= 2. 

 

Application 2 

A consumer can obtain the same quantity of milk, 100 units of yoghurt or 20 

units of cheese. Find the opportunity cost from producing one unit of cheese.  

Solving: 

If he chooses to use the milk for making the cheese, then he won’t be able to use it 

anymore for the yoghurt. Because the production of the 20 units of cheese equals to 

giving up on 100 units of yoghurt, this means that for every unit of cheese, the 

producer is unable of making 5 units of yoghurt.   

𝐶𝑂𝑐ℎ𝑒𝑒𝑠𝑒 = −
0 − 100

20 − 0
= 5 
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c) Consumer’s Behavior 

1. Economic utility 

2. Formulas for marginal and total utility 

3. Marginal Utility 

4. Graphic representation of total and marginal utility  

5. Consumer choice 

6. Applications 

 

1. Economic utility 

A consumer is a person or organization that uses goods and services to satisfy his 

needs. In this way, any consumer demands commodities and economic services . 

The consumer  defines himself through needs, preferences and incomes. All of 

them have influences upon consumer behavior.  The consumer’s reasoning are based 

on the utility of the products. The appreciation of the economic utility is subjective. In 

the economic theory we distinguish marginal utility from total utility. 

2. Formulas for Marginal and Total Utility 

{

𝑼𝑻 =∑𝑼𝒎𝒈

𝑼𝒎𝒈𝒙 =
∆𝑼𝑻𝒙
∆𝑸𝒙

}   

where Umgx is the marginal utility of the product x, ΔUTx is the increase of  total utility 

of the product x  through the increase of the consumed quantity from the product x 

(ΔQx). 

The utility is measured in utils. 
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3. Marginal Utility 

In generally, utility is the ability of something to satisfy needs or wants . In 

economics, utility represent the satisfaction that a consumer hopes to achieve, 

related to  place and time, by using a determinate amount (or dose units) from an 

economic good. 

Marginal utility decreases during the increase of the consume, while total utility 

increases with a decreasing rate, it reaches the maximum value, then it starts 

decreasing. 

The german economist Heinrich Gössen (1810 – 1858) formulated the law of 

diminishing marginal utility: “Perceived value of, or satisfaction gained by a consumer 

from a   good   declines progressively until saturation, with each additional unit 

acquired or consumed continuously and uninterruptedly”. 

 

4. Graphic Representation of Total and Marginal Utility 

 From the graph it’s noticeable that both 

utilities have the same value for the first 

consumed unit from that product; also, in the 

saturation point    marginal utility is zero and 

total utility reaches its maximum, afterwards 

it starts falling. 

 

5. Consumer’s Choice 

 Consumer behavior involves the dependence upon requirements such as 

rationality and efficiency. 

Consumer program for two products, for example, x and y is optimum and the utility 

which is gained is maximum when two conditions are followed in the same time:  

(1)   Px + qy ∙ Py = V   

U
mgX

=0 

Q
x
 

U
TX

=U
mgX

 

U
T
;U

mgX
 

X
1
 

U
TX

=ma
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(2)   
Umgx

Px
=

Umgy

Py
   (applicable for last part purchased from each product); and qx, qy 

represents the number of units (consumed quantities) from the products x and y;  

Px, Py are the prices of the products x and y. 

Consumption efficiency represents the ratio between the utility (the satisfaction felt) 

and the expenses that were incurred (price of the good that was purchase). 

 

6. Applications 

Application 1 

  A student has 5 lei, with which he intends on buying cupcakes for 1 leu by the 

piece. After the first cupcake he gains a satisfaction of 10 utils, the second one brings 

him 7 utils, the third one 4 utils, the fourth 3 utils, the fifth 2 utils and the sixth 0 utils 

(if he would have bought it). Figure the evolution of the student’s satisfaction, felt 

while he was spending his money. 

  Solution 

 

 

Application 2 

 The rapport between marginal utility and the price of a notebook is 0,5. A 

pen’s price is 10 m.u. Which marginal utility has a pen for a consumer who wants to 

gain a maximum satisfaction by buying these two products?  

 

 Total utility depending on the amount of good x consumed 
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Solution 

Umgx

Px
= 0,5 where x is the notebook 

Py = 10 m.𝑢. where y is the pen 

 It is known that  the purchase program  it is optimal or the balance of 

consumer is reached when: 
𝑈𝑚𝑔𝑥

𝑃𝑥
=

𝑈𝑚𝑔𝑦

𝑃𝑦
. 

Replacing the dates in the mathematical expression we have: 

0,5 =
Umgy

10
  Therefore Umgy = 5 utils. 

 

Application 3 

 A consumer has a daily income of 30 u.m. for gratifying his needs with the 

products x and y. Their prices are equal, 10 u.m. The consumer has to choose 

between these products, considering that they bring a different amount of marginal 

utility: Umgx = 10, 8, 6, 4 and Umgy = 8, 7, 6, 5. Establish the consumer’s programme. 

Solution 

For good x efficiency of the first unit(of second, of the third and fourth) consumed is: 

Ex1 =
Umgx1

Px
=

10

10
= 1;             Ex2 =

Umgx2

Px
=

8

10
= 0,8 ; 

𝐸𝑥3 =
𝑈𝑚g𝑥3

𝑃𝑥
=

6

10
= 0,6 ;  𝐸𝑥4 =

𝑈𝑚𝑔𝑥4

𝑃𝑥
=

4

10
= 0,4 

And for good y efficiency of the  first unit (of the second, to the third and the fourth) 

consumed is:       

Ey1 =
Umgy1

Py
=

8

10
= 0,8;                          Ey2 =

Umgy2

Py
=

7

10
= 0,7 ; 

 Ey3 =
Umgy3

Py
=

6

10
= 0,6                           Ey4 =

Umgy4

Py
=

5

10
= 0,5 

It is noted that fulfillment of the  condition (2) is made for unit 2 of good x and first of 

the good y premium (Ex2 = Ey1 t ) which means that the consume program has the 

structure: qx = 2 și qy = 1. Checking the condition: (1): qx ∙ Px + qy ∙ Py = V then: 

2 ∙ 10 + 1 ∙ 10 = 30 m.𝑢. 



What’s the 
use of it?  

 

72 
 

Application 4 

  A consumer has an income of 240 m.u. for purchasing different quantities 

from the products x and y, which have the marginal utility defined by the following 

functions : 

Umgx = 10 − qx      and      Umgy = 20 − qy.  

The prices are Px = Py = 10 m.u. Calculate the chosen quantities from the products x 

and y (qx; qy). 

 Solution 

It is known that  the purchase program is  optimal if both conditions are 

accomplished: 

qx ∙ Px + qy ∙ Py = V  and 
Umgx

Px
=

Umgy

Py
. 

Replacing the problem’s information in the two conditions we have: 

{
10 ∙ qx + 10 ∙ qy = 240

10−qx

10
=

20−qy

10

}.  

After simplifications we have :  

{
qx + qy = 24

10 − qx = 20 − qy
}  

Then the system becomes:  

{
qx + qy = 24

−qx + qy = 10
}            

and the solution:     {
qx = 7
qy = 17

}.  

This way, for having maximum satisfaction the consumer has to purchase and 

consume 7 units from  the product x and 17 from the product y. 

Application 5 

 Fill in the following chart: 
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Consumed quantity 1 2 3 4 5 

Total utility 10  24  29 

Marginal utility 10 8  3  

 

Solution 

Ut2 = Ut1 + Umg2 = 10 + 8 = 18 

Umg3 = Ut3 – Ut2 = 24 – 18 = 6 

Ut4 = Ut3 + Umg4 = 24 + 3 = 27 

Umg5 = Ut5 – Ut4 = 29 – 27 = 2. 

 

 

Consumed 

quantity 

1 2 3 4 5 

Total utility 10 18 24 27 29 

Marginal 

utility 

10 8 6 3 2 

 

d) The Company’s Budget 

1. The Company’s Budget 

2. The Producer 

3. The Cost of Production 

4. The Typology of Costs 

5. Material Expenses of Production 

6. Wage Expenses 

7. The Fixed Cost 

8. The Variable Cost  

9. Total Cost 

10. The Marginal Cost 

11. The Unit Cost 

12. Conclusions 

13. Application 
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1. The Company’s Budget 

Production and offer are essential in the existence of consumption. The most 

effective indicator of a national economy force is its productive capacity. It is given by 

the knowledge, organization and capital 

which that economy uses for the 

production of the goods that citizens 

change or consume. The very high 

standard of living of citizens from 

industrialized countries is mainly 

because of high average productivity. 

 

2. The Producer 

The producer is the bearer of the offer and he operates in an organized 

framework, he procures tools for himself, installations, raw materials etc. and hires 

workers. Thus, the activity of economic goods creation is placed in a company or in an 

enterprise. The producer’s aim is the maximization of the profit and this is why the 

company has a commercial character, which is realized through actions that are held 

concomitant in two senses: 

1. Supply – the insurance of production factors (work, nature, technical capital) 

which represent inputs; 

2. The sale of goods obtained from the submitted activity in which the expenses 

incurred must be recovered and obtain gain, which represents outputs. 

Profit equation 

Profit equation is:  

  Pr = CA – CT,   

where 

 Pr = the profit obtained,  

 CA = the turnover (cash-in) and  
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 CT = total cost of production 

 

3. The Cost of Production 

In his activity, the producer consumes production factors. These are bought 

by the producer from market. And then they are eligible for use. The producer 

performs an expense. All costs made by the producer with the production, storage 

and sale of economic goods produced by him is named cost of production. 

This is the consume’s value expression of production factors  performed by producers 

and allow the evaluation of all efforts involved in economic activity.  

The production cost is a component part of the sale price of the market good 

and it must be smaller then the sale price  of the respective good,  in order to obtain 

profit:  

 Pv = CTM + Pru;     

 where:  

 Pv is the sale price;  

 CTM is the average or unit total cost (on the product unit) and 

 Pru is the unit profit (on product unit). 

 

4. The Typology of Costs 

 The total cost is given by the equation: 

  CT = Cmat + Cs + other expenses 

1. Material expenses of production:  expenses with raw materials, fuel, spare 

parts, energy, materials, depreciation if fixed capital, repairs, storage etc.; 

2. Wage costs:     corresponding to the labor factor from the respective unit; 

3. Other expenses: fines, paid penalties, protocol expenses, rents, etc. 

 

5. Material Expenses of Production 

   Cmat = A + Kc 



What’s the 
use of it?  

 

76 
 

(A = depreciation of fixed capital and Kc = circulating capital) 

 The fixed capital Kf (made of machines, equipment, buildings etc.)  and 

working capital Kc  (that is raw materials, fuel, energy, materials etc.) are components 

of technical capital Kt:      

   Kt = Kf + Kc 

 

6. Wage Expenses 

Cs = Sd + Si   

where  

Sd represents directly productive staff’s wages and  

Si represents administrative staff’s wages (indirectly productive). 

 

7. Production Costs – Fixed Cost 

Fixed cost (CF) – production expenses 

relating to the factors’ consume which, on short 

term, doesn’t depend on the production 

volume and remain relatively unchanged 

(depreciation of fixed capital, the rents, the 

lighting of the unit, the wages of  administrative 

staff,  interest rates etc.) 

Graphic representation and interpretation: 

The curve of fixed capital –  is a parallel line with the production axis for the size to 

remain constant (on long term), regardless of the production evolution (Q). 

 

8. Production Costs – Variable Cost 

The variable cost – the expenses  that relate to the factors’ consume which, on 

short term, evolve in the same sense with the production modification (raw materials, 

CF 

CV 

CT 

Q 

Costs 
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fuel, energy, materials, direct wages of the production workers etc.) If the production 

volume (Q) is zero, the variable cost is zero. 

Graphic representation and interpretation: 

The curve of the variable cost  starts from the origin, with an increase tendency, then 

comes an inflection of growth rate and again a growth tendency. 

 

9.  Total Cost 

Total cost – the amount of fixed capital (CF) and of variable cost(CV):  

CT = CF + CV.  

If the production is zero (Q = 0) then CT = CF and CV = 0. 

Graphic representation and interpretation: 

The curve of total cost begins from the same point as the fixed cost’s, with an (similar) 

evolution as the conditioned dynamic of the variable cost. 

Example 1 

A law firm that rented  a space on a period of 5 

years will have to pay the rent in this period, even if the 

work volume gets reduced. Cost data are in the following 

table. Represent graphic the costs depending on the 

production level. 

 

10. The Marginal Cost 

One of the fundamental concepts that economy 

operates with is the marginal cost. This represents the production cost of an 

additional unit from a certain product: 

CT0; CT1 = the total cost of production before the production of additional product; 

respectively after its production; 

Q CF CV CT 

0 55 0 55 

1 55 30 85 

2 55 55 110 

3 55 75 130 

4 55 105 160 

5 55 155 210 
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Q0; Q1 = the production level before the production of additional unit; respectively 

after its production. 

 

Example 2 

Let’s suppose that a company produces 1000 CDs at a total cost of 10000 m.u. 

If the total cost of a production of  1001 CDs is of 10006 m.u., then the marginal cost 

of the production of the 1001st CD is 6 m.u.: 

Cmg =
∆CT

∆Q
=
CT1 − CT0
Q1 − Q0

=
10006 − 10000

1001 − 1000
=
6

1
= 6 m. u. 

 

11. The Unit Cost 

As the marginal cost, the unit cost is a concept very often used in economy: 

1. Average fixed cost (unitary):  CFM =
CF

Q
 

2. Average variable cost (unitary): CVM =
CV

Q
 

3. Average total cost (unitary) 

CTM =
CT

Q
=
CF + CV

Q
=
CF

Q
+
CV

Q
= CFM+ CVM 

Observation 

 By comparing the unit cost with the sale one (Pv) of the product or the profit 

on the product unit (Pru) (Pv = CTM + Pru), the entrepeneur can find out if he will have 

proffit or not. The average or unit costs are calculated costs for each realized product. 

 

Example 3 

By using the data from the following table calculate marginal and unitary 

cists, represent the graph of the fixed costs, variable, total, corresponding unitary and 

the marginal one as functions of the production level. 
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Q(buc.) CF(u.m.) CV(u.m.) CT(u.m.) Cmg(u.m.) CFM(u.m.) CVM(u.m.) CTM(u.m.) 

0 55 0 55 
    

1 55 30 85 
    

2 55 55 110 
    

3 55 75 130 
    

4 55 105 160 
    

5 55 155 210 
    

6 55 225 280 
    

7 55 315 370 
    

8 55 425 480 
    

9 55 555 610 
    

10 55 705 760 
    

 

Solution: 

After the effectuation of the calculations depending marginal and unit costs, the table 

will look like this: 

Q(buc.) CF(u.m.) CV(u.m.) CT(u.m.) Cmg(u.m.) CFM(u.m.) CVM(u.m.) CTM(u.m.) 

0 55 0 55 
    

1 55 30 85 30 55.00 30.00 85.00 

2 55 55 110 25 27.50 27.50 55.00 

3 55 75 130 20 18.33 25.00 43.33 

4 55 105 160 30 13.75 26.25 40.00 

5 55 155 210 50 11.00 31.00 42.00 

6 55 225 280 70 9.17 37.50 46.67 

7 55 315 370 90 7.86 45.00 52.86 

8 55 425 480 110 6.88 53.13 60.00 

9 55 555 610 130 6.11 61.67 67.78 

10 55 705 760 150 5.50 70.50 76.00 
 

12. Conclusions 

1. When Cmg < CTM, CTM decreases, the last produced unit has a smaller cost than 

the costs of units produced previous. If the last unit costs less than the others, then 

CTM is smaller then the previous one, so CTM decrease. 

2. When Cmg = CTM, curve CTM is found in the minimum point. In this case, the last 

produced unit costs as much as previous produced units. 
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3. When Cmg > CTM, CTM increases, the last produced unit has a bigger cost than 

the units produced previous. So the new CTM is bigger the the old CTM. 

4. This shows that a company which wants to reduce to minimum the unit cost must 

find that production level where the marginal cost is equal to the unit cost. 

 

Final Conclusion 

The marginal cost orients the entrepreneur’s behavior  and determines the 

decisions on the offer dynamic of economic goods, the increase or the decrease of 

production and implicitly the forecasting and the achievement of a turnover and of a 

certain budget.  

 When Cmg < CTM is stimulated by the increasing offer, and when Cmg > CTM 

decrease the producer’s interest for the offer increase.  

 CTM is different at one and the same product from a company to another, 

depending on the production conditions. 

 

13. Application 

On the base of the following costs table, complete it by calculating the fixed unit 

costs, variable total and marginal and then represent graphic the costs evolution. 

Q(buc.

) 

CF(u.m.

) 

CV(u.m.

) 

CT(u.m.

) 

Cmg(u.m

.) 

CFM(u.m

.) 

CVM(u.m

.) 

CTM(u.m

.) 
0 30 0 30 -   -  - -  

1 30 90 120 
    2 30 170 200 
    3 30 240 270 
    4 30 320 350 
    5 30 450 480 
    6 30 600 630 
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Solution: 

Q(buc.

) 

CF(u.m.

) 

CV(u.m.

) 

CT(u.m.

) 

Cmg(u.m

.) 

CFM(u.m

.) 

CVM(u.m

.) 

CTM(u.m

.) 
0 30 0 30 -   -  - -  

1 30 90 120 90 30.00  90.00  120.00 

2 30 170 200 80 15.00  85.00  100.00 

3 30 240 270 70 10.00  80.00  90.00 

4 30 320 350 80 7.50  80.00  87.50 

5 30 450 480 130 6.00  90.00  96.00 

6 30 600 630 150 5.00  100.00  105.00 
 

 

f) Applications of Statistics. Interpolation. Regression Analysis 

 

1. Basic Notions of Mathematical Statistics 

2. Linear Regression 

3. Correlation 

4. Examples 

5. Proposed Problems 

 

1. Basic Notions of Mathematical Statistics 

1. Statistics is the mathematical science involving the collection, analysis and 

interpretation of data on a particular phenomenon, and with some forecasts of its 

future production. 

2.  The statistical analysis of a phenomenon involves descriptive statistics, which 

deals with data collection and recording them and grouped mathematical 

statistics, which analyzes and interprets them in order to predict the future 

behavior of the phenomenon. 

3.  This processing and analysis is done using functions, phenomena being  

regarded as functions of one or more variables, whose description is made using 

data representations in various forms, such as graphics. 
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Phenomena that can be regarded as functions of a single variable can be 

represented in a system of axes using points from the statistical data collected and 

mathematics can find through various methods (extrapolation) the function that 

approximates the best evolution of the phenomenon. This is called regression. 

In the following, we introduce some basic notions and some simple examples 

illustrating how to use mathematics in the interpretation and prediction of the 

evolution of a phenomenon. 

We call statistical population any set which is the subject of a statistical analysis. 

 The elements of the set are called statistical units or individuals. 

The common feature of all individuals of a population statistic that interests 

us is called characteristic. A statistical analysis can be done by one or more 

characteristics. 

For example, if we are interested in how many hours per week the students 

of the final year of a high school spend preparing for the baccalaureate, then the set 

of the students of the final grade of the high school form the statistical population, 

each student is an individual(statistical unit) and the number of hours is the studied 

characteristic. 

Another example: if we are interested in analyzing a group of people by the 

colour of their eyes and the colour of their hair, those people are the statistical 

population, each one of them is a statistical unit and the colour of their eyes and hair 

are the characteristics. 

 If  a characteristic can be measured, it is called quantitative (the number of 

hours) and if not it is called qualitative (the eyes colour, the hair colour). The quantity 

can be discrete (can take some integers only) or continuous (can take any value in a 

range, such as a person’s height). 

Therefore, we will consider phenomena we are interested in only one 

characteristic, which we can model as functions of a single variable and we will see 
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how to discover a formula for the respective dependence(the regression) using 

interpolation. A statistical series is a set of pairs (x,y) consisting of data collected. 

Interpolation is a process that allows the estimation of the values between known 

data (points), with numerous applications in engineering and most sciences. 

There are two main reasons for which such a study is carried out: 

1. The description of the relationship that may exist between the two sets of 

variables by analyzing the link between two series of observations. Specifically,it 

examines wheter the upward trend of one implies an upward trend, a downward 

trend or no tendency of the other. 

2. In the event of a real connection between them, identified in the first instance, to 

be able to predict the values of one relative to the other based on the regression 

equation. 

The ultimate goal is forecast, in the condition that it is possible, if the two 

variables are indeed correlated. 

In the statistical analysis of the relation between two variables when they are 

correlated, the specific nature of the linear conection between them is established, 

being described by a mathematical equation. 

The ultimate goal of this approach is the forecast of the values based on the 

values of the other, a forecast made on the basis of the equation which describes the 

conection between the two sets of data. 

 

2. Linear regression 

The presentation of the conection between two variables,when it exists, is 

called the method of the linear regression.  

For that one of the variables is considered an independent variable or 

predictor variable and the other variable is considered a dependent variable or an 

outcome. 
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The linear connection between the two variables is described by a linear 

equation (a regression equation) which corresponds to a regression line. 

In the methodology, the dependent variable is distributed on the y-axis, while the 

independent variable is distributed on the x-axis. 

The regression equation is determined by using the “least squares” method 

which, intuitively, minimizes the distance between the points  represented by the 

pairs  of data/observed values and the corresponding points on the line/fitted 

values(obtained on the corresponding vertical lines). This distance is called residual. 

In the end, we obtain the regression equation in the form:  

y = ax + b, 

and n is the number of variables. 

𝑆𝑥 =∑𝑥𝑖  

𝑛

𝑖=1

 𝑆𝑦 =∑𝑦(𝑥𝑖

𝑛

𝑖=1

)   𝑆𝑥2 = 𝑆∑𝑥𝑖
2    

𝑛

𝑖=1

𝑆𝑥𝑦 =∑𝑦(𝑥𝑖) ∗ 𝑥𝑖 

𝑛

𝑖=1

 

𝑎 =
𝑛 ∗ 𝑆𝑥𝑦 − 𝑆𝑥 ∗ 𝑆𝑦

𝑛 ∗ 𝑆𝑥2 − 𝑆𝑥
2   𝑏 =

𝑆𝑥2 ∗ 𝑆𝑦 − 𝑆𝑥 ∗ 𝑆𝑥𝑦

𝑛 ∗ 𝑆𝑥2 − 𝑆𝑥
2  

There are other kinds of regressions, often used in statistics:  

– Exponential : 𝑌 = 𝑏 ∗ 𝑥𝑎  

– Exponentiation : 𝑌 = 𝑏 ∗ 𝑒𝑎∗𝑥  

– Logarithmic : 𝑌 = 𝑎 ∗ ln 𝑥 + 𝑏   

 

3. Correlation 

The correlation coefficient measures the adequacy of a function relative to the 

actual values studied. The formula is: 

𝑟 = √1 −
∑(𝑦 − 𝑌)2

∑(𝑦 − �̅�)2
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4. Examples 

Example 1 

Let’s consider the data collected from a sample of 24 patients with type I 

diabetes, specifficaly the following two variables: 

 Glucose (G) levels on an empty stomach (mmol/l) 

 Average speed of contraction Vcf( %/sec) of the left ventricle obtained by 

echocardiography. 

The linear regression equation is: 

Vcf = 1,10 + 0.02*G 

We deduce that the estimated  value (forecast based on the linear regression) for vfc 

variable for patient No. 16 is 1.27 %. 

 

 

Patient      G                    Vcf                     Patient         G                          Vcf 

1                 15,3               1,76                       13             19,0                      1,95 

2                 10,8               1,34                       14             15,1                      1,28 

3                 8,1                 1,27                       15              6,7                        1,52 

4                 19,5               1,47                      16*             8,6                        ? 

5                 7,2                 1,27                       17              4,2                        1,12 

6                 5,3                 1,49                       18              10,3                      1,37 

7                 9,3                 1,31                       19              12,5                      1,19 

8                 11,1               1,09                      20              16,1                       1,05 

9                 7,5                 1,18                       21             13,3                       1,32 

10              12,2               1,22                       22              4,9                         1,03 

11                6,7               1,25                       23              8,8                         1,12 

12                5,2               1,19                       24              9,5                         1,70 
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The graphic: 

 

Example 2 

We measured how a tree grows, noting the height h once a year (i.e. January 

1st, each year) and we obtained the following results: 

 

Year h[m] 

2000 1.6 

2001 2.3 

2002 3.1 

2003 3.8 

2004 4.7 

2005 5.5 

2006 6.5 

2007 7.6 

2008 8.6 

2009 9.4 
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The graph: 

 

The regression functions 

 

 
 

 

• Fortunately, nowadays we can determine and calculate functions in various 

programs such as EXCEL. 

• On two columns we enter the data collected, we choose a regression function(for 

our example, a linear one), for example LINEST that calculates the function and 

determines its value in any new value of x that interests us. 

• For the graphic and for calculating the correlation we click insert chart(we choose 

a scatter chart), we choose a graphic type, then click design, we choose A9, which  

creates the drawing, determines the regression function and calculates the 

correlation. 

 

5. Proposed problems 

1. Bristo  supermarkets  exist  

throughout the country. A sample of 

five of them was selected to see the 

nature of the link established between 

the expenditure for the purpose of 
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advertising and sales volume, within one month. 

Represent graphically the dependence between the two sizes, determine the 

regression and the correlation, and the sales volume of advertising expenditure 

estimated at 16 thousand lei. 

2. The following data comes from 

five housing associations and 

shows the amount payed by the 

owners of five apartments of 

different areas which benefit from 

central heating, to gass bill during 

a calendar month. 

a) Build a scatter diagram (graph in Excel) with the surface on the horizontal axis. 

b) Try to approximate the connection between the surface of the apartments and the 

bill, highlighting the coressponding straight line on the scatter diagram.  

3. The data in the following table indicates the salaries  that the employees of a firm 

receive and their seniority at work. 

 

Seniority (years)          Salary(lei) 

 1,5                                651 

2,5                                800 

3,2                                920 

3,6                                870 

4,3                              1000 

2,9                                 820 

 

a) Build the equation of the estimated regression using the method of least 

squares. 
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b) Make a prediction regarding the salary that an employee that worked for 2 

years old can receive and the salary an employee that worked for 5 years old 

could get.  

4.  A real estate agency has the following data on the surface and the selling price for 

five housings: 

 Living area (sqm)          Sale price(thousand euros) 

                  250                                       124 

                  240                                       108 

                  180                                        92 

                  300                                       146 

                  230                                     11026 

a) Build the equation of the estimated regression using the method of least 

squares. 

b) Make a prediction on the sale price for a house with an area of 270 sqm. 
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3. Applications in Engineering 

 

a) Binary System 
1. Number Systems Representation 

2. Single Bit Addition with Carry 

3. Multiple Bit Addition 

4. Single Bit Subtraction with Borrow 

5. Multiple Bit Subtraction 

6. Multiplication 

 

1. Number Systems Representation 

Information variables represented by physical quantities.  

For digital systems, the variables take on discrete values.    

Two level, or binary values are the most prevalent values in digital systems.  

Binary values are represented abstractly by: 

 digits 0 and 1, 

 words (symbols) False (F) and True (T), 

 words (symbols) Low (L) and High (H), 

 and words On and Off. 

Binary values are represented by values or ranges of values of physical quantities. 

Signal examples over time: 
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Signal example – physical quantity: voltage 

 

 

Binary values: other physical quantities 

What are other physical quantities represent 0 and 1? 

 CPU    Voltage 

 Disk Magnetic Field Direction 

 CD Surface Pits/Light 

 Dynamic RAM Electrical Charge 

 

Number systems – representation 

Positive radix, positional number systems 

A number with radix r is represented by a string of digits: 

     An - 1An - 2 … A1A0 . A- 1 A- 2 … A- m + 1 A- m  

in which 0 £ Ai < r and . is the radix point. 

The string of digits represents the power series: 

(𝑁𝑢𝑚𝑏𝑒𝑟)𝑟 = ∑ 𝐴𝑖 ∙ 𝑟
𝑖 + ∑ 𝐴𝑗 ∙ 𝑟

𝑗

𝑗=−1

𝑗=−𝑚

𝑖=𝑛−1

𝑖=0

 

                                (𝐼𝑛𝑡𝑒𝑔𝑒𝑟 𝑃𝑜𝑟𝑡𝑖𝑜𝑛) + (𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑃𝑜𝑟𝑡𝑖𝑜𝑛) 
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Number Systems – Examples 

 

2. Single Bit Binary Addition with Carry 

Given two binary digits (X,Y), a carry in (Z) we get the following sum (S) and carry (C): 

Carry in (Z) of 0: 

Z  0  0  0  0 

X  0  0  1  1 

+ Y  + 0  + 1  + 0  + 1 

C S  0 0  0 1  0 1  1 0 

Carry in (Z) of 1: 

Z  1  1  1  1 

X  0  0  1  1 

+ Y  + 0  + 1  + 0  + 1 

C S  0 1  1 0  1 0  1 1 

 

Given two binary digits (X,Y), a carry in (Z) we get the following sum (S) and carry (C): 

Carry in (Z) of 0: 

Z  0  0  0  0 
X  0  0  1  1 

+ Y  + 0  + 1  + 0  + 1 

C S  0 0  0 1  0 1  1 0 
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Carry in (Z) of 1: 

Z  1  1  1  1 
X  0  0  1  1 

+ Y  + 0  + 1  + 0  + 1 

C S  0 1  1 0  1 0  1 1 
Given two binary digits (X,Y), a carry in (Z) we get the following sum (S) and carry (C): 

 

Carry in (Z) of 0: 

Z  0  0  0  0 
X  0  0  1  1 

+ Y  + 0  + 1  + 0  + 1 

C S  0 0  0 1  0 1  1 0 
 

Carry in (Z) of 1: 

Z  1  1  1  1 
X  0  0  1  1 

+ Y  + 0  + 1  + 0  + 1 

C S  0 1  1 0  1 0  1 1 
Given two binary digits (X,Y), a carry in (Z) we get the following sum (S) and carry (C): 
 
Carry in (Z) of 0: 

Z  0  0  0  0 
X  0  0  1  1 

+ Y  + 0  + 1  + 0  + 1 

C S  0 0  0 1  0 1  1 0 
 
Carry in (Z) of 1: 

Z  1  1  1  1 

X  0  0  1  1 

+ Y  + 0  + 1  + 0  + 1 

C S  0 1  1 0  1 0  1 1 

 

3. Multiple Bit Binary Addition 

Extending this to two multiple bit examples: 

Carries                 0              0 
Augend        01100     10110  
Addend      +10001   +10111 
Sum 
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Note:  The 0 is the default Carry-In to the least significant bit. 

 

4. Single Bit Binary Subtraction with Borrow 

Given two binary digits (X,Y), a borrow in (Z) we get the following difference 

(S) and borrow (B): 

• Borrow in (Z) of 0: 

 Z  0  0  0  0 
 X  0  0  1  1 
-y -0 -1 -0 -1 
BS 00 11 01 00 

 

• Borrow in (Z) of 1: 

Z  1  1  1  1 
 X  0  0  1  1 
-y -0 -1 -0 -1 
BS 00 10 00 11 
 

5. Multiple Bit Binary Subtraction 

• Extending this to two multiple bit examples: 

Borrows                    0               0 

Minuend          10110      10110  

Subtrahend   - 10010    - 10011 

Difference 

• Notes: The 0 is a Borrow-In to the least significant bit. If the Subtrahend > the 

Minuend, interchange and append a – to the result.  

 

6. Binary Multiplication 

The binary multiplication table is simple: 

0  0 = 0  |  1  0 = 0  |  0  1 = 0  |  1  1 = 1 

Extending multiplication to multiple digits: 

 

 

 



 

2015 
Functions 
Applications 

 

  95 
 

Multiplicand 1011 
Multiplier x  101 
Partial Products 1011 
 0000 - 
 1011 - - 
Product 110111 
 

Numbers in Different Bases 

 

 

b) Adders 
1. Half adders  

2. Full adders 

3. Ripple carry adders 

 

1. Half adders  

Functional Blocks: Addition 

Binary addition used frequently 

Addition Development: 

 Half-Adder (HA), a 2-input bit-wise addition functional block, 

 Full-Adder (FA), a 3-input bit-wise addition functional block, 
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 Ripple Carry Adder, an iterative array to perform binary addition. 

Functional Block: Half-Adder 

A 2-input, 1-bit width binary adder that performs the following computations: 

  X   0   0   1   1 

+Y +0 +1 +0 +1 

CS  00 01 01 10 

 

A half adder adds two bits to produce a two-bit sum. 

The sum is expressed as a sum bit , S and a carry bit, C. 

The half adder can be specified as a truth table for S and C   

X Y C S 

0 0 0 0 

0 1 0 1 

1 0 0 1 

1 1 1 0 

Logic Simplification: Half-Adder 

• The Karnaugh-Map (K-Map) for S, C is: 

• This is a pretty trivial map! 

By inspection: 

S = X ∙ Y̅ + X̅ ∙ Y = X⊕ Y 

S = (X + Y) ⋅ (X̅ + Y̅) 

and 

C = X ∙ Y 

C = (X ∙ Y̅̅ ̅̅ ̅̅ )̅̅ ̅̅ ̅̅ ̅̅  

• These equations lead to several implementations. 
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Implementations: Half-Adder 

The most common half  adder implementation is:                                                         

S = X⊕ Y 

C = X ∙ Y 

 

A NAND only implementation is: 

S = (X + Y) ⋅ C 

C = (X ∙ Y̅̅ ̅̅ ̅̅ )̅̅ ̅̅ ̅̅ ̅̅  

 

2. Full adders 

Functional Block: Full-Adder 

A full adder is similar to a half adder, but includes a carry-in bit from lower stages.   

Like the half-adder, it computes a sum bit, S and a carry bit, C. 

 For a carry-in (Z) of  0, it is the same as the half-adder:  

 

 For a carry- in (Z) of 1:             
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Logic Optimization: Full-Adder 

Full-Adder Truth Table:   

 

Full-Adder K-Map: 

 

 

 

Equations: Full-Adder 

• From the K-Map, we get: 

S = XY̅Z̅ + X̅YZ̅ + X̅Y̅Z + XYZ 

C = XY + XZ + YZ 

• The S function is the three-bit XOR function (Odd Function): 

S = X⊕ Y⊕ Z 

• The Carry bit C is 1 if both X and Y are 1 (the sum is 2), or if the sum is 1 and a 

carry-in (Z) occurs.   Thus C can be re-written as: 

C = XY + (X⊕ Y)Z 

The term X·Y   is carry generate. 

The term XY  is carry propagate. 

 

Implementation: Full Adder 

Full Adder Schematic: X, Y, and Z, and C (from the previous pages) are A, B, Ci and Co, 

respectively. Also, G = generate and P = propagate. 

Note:   This is really a combination of a 3-bit odd function (for S)) and Carry logic (for 

Co): 

(G = Generate) OR (P =Propagate AND Ci = Carry In) 

Co = G + P · Ci 
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3. Ripple-Carry Adder  

To  add multiple operands, we “bundle” logical signals together into vectors and use 

functional blocks that operate on the vectors 

Example: 4-bit ripple carry adder:  Adds input vectors A(3:0) and B(3:0) to get a sum  

vector S(3:0).  

Note: carry out of cell I becomes carry in of cell i + 1 

 

A four-bit Ripple Carry Adder made from four 1-bit Full Adders:     
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 c) Channel Capacity 
1. Channel Capacity  

2. Nyquist Bandwidth 

3. Shannon Capacity 

4. Decibels 

5. Example on channel capacity 

6. Home Exercises 

 

 

1. Channel Capacity  

There is a variety of impairments that can distort or corrupt a signal. To what extent 

do these impairments limit the maximum achievable data rate? 

Channel Capacity is the maximum rate at which data can be transmitted over a 

communication channel.  

Data rate 

 In bits per second (bps) 

 Rate at which data can be communicated 

Bandwidth 

 In cycles per second, or Hertz 

 Constrained by transmitter and medium 

 

2. Nyquist Bandwidth 

• Assume a noise-free channel 

• If rate of signal transmission is 2B, then a signal with frequencies no greater than B 

is sufficient to carry signal rate 

• or, given bandwidth B, highest signal rate is 2B 

• Given a binary signal, the maximum data rate supported by a channel of 

bandwidth B Hz is 2B bps 

• Maximum data rate, C, can be increased by using M signal levels 
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• Nyquist formula:  C= 2·B·log2M  in bps (bits per second) 

• However, receiver must be able to distinguish one of M possible signal elements. 

Noise and other transmission impairments limit the practical value of M. 

 

3. Shannon Capacity  

• Nyquist’s formula indicates that doubling BW, doubles the data rate in a noise-free 

channel. 

• In practice, noise is always present. So, let us consider the relationship between 

data rate, noise and error rate. 

• Faster data rate shortens each bit duration so a burst of noise affects more bits. 

So, at a given noise level, the higher the data rate, the higher the error rate. 

• Signal-to-Noise ratio (SNR or S/N) expressed in decibels. 

• SNRdB
=10 log10 (Signal power/Noise power). 

• Max channel Capacity is C=B·log2(1+SNR)  in bps (bits per second). 

• This formula is for error-free capacity and assumes white noise. In practice, data 

rate is lower than C. 

 

4. Decibels 

It is customary to express gains, losses and relative levels in decibels because 

 signal strength often falls off exponentially, so loss is easily expressed in terms 

of the decibel, which is a logarithmic unit; 

 the net gain or loss in a cascaded transmission path can be calculated with 

simple addition and subtraction; 

The decibel (dB) is a measure of the ratio between two signal levels. The decibel gain 

is given by: 

GdB=10·log10 (Output power / Input power) 

GdB=10·log10 (Pout/Pin) 

Gain is expressed in positive dB values (GdB). 
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Loss is expressed in negative dB values (LdB). 

E.g. A gain of –3dB means that the power has halved and this is a loss of power. 

Power Ratio dB Power Ratio dB 

101 10 10-1 -10 

102 20 10-2 -20 

103 30 10-3 -30 

104 40 10-4 -40 

105 50 10-5 -50 

106 60 10-6 -60 

Note that dB is a measure of relative, not absolute difference. 

The dB is also used to measure the difference in Voltage. 

Since    

 P = V2/R 

where,   P=Power dissipated across resistance R 

 v = Voltage across resistance R, 

then 

 GdB = 10 log10 (Pout/Pin)  

 = 10 log10 [(V
2

out/R) /(V2
in/R)] 

 = 20 log10 (Vout/Vin) 

Similarly  

 LdB = 20 log10 (Vin/Vout) . 

 

5. Example on channel capacity 

Suppose that the spectrum of a noise-free channel is between 3 MHz and 4 MHz and 

SNRdB=24 dB.  

 What is the maximum achievable data rate? 

 How many signal levels are required to achieve this rate? 
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Solution 

Bandwidth, B=4 MHz – 3 MHz = 1 MHz = 106 Hz. 

SNRdB=24 dB = 10log10(SNR) 

Therefore, SNR=10(24/10) = 102.4 = 251.2 

Using Shannon’s formula, C=B log2(1+SNR),  

 C=106 log2 (1+251.2) = 7.98 x 106 ~ 8 Mbps 

Based on Nyquist’s formula, C=2B log2M in order to achieve a data rate of 8MBps in a 

channel bandwidth of 1MHz, then we need M signal levels, where M is equal to: 

  8x106 = 2x106 log2M  =>  4 = log2M =>  M=24=16 

Home Exercises 

Q1. A modem to be used with a PSTN network uses a modulation scheme with eight 

levels per signalling element. Assuming the same channel bandwidth as in Q1, but a 

noiseless channel, find the maximum possible data rate. (Answer: 18.6kbps) 

Q2. Given a channel with an intended capacity of 20 Mbps, the bandwidth of the 

channel is 3 MHz. Assuming white thermal noise, what signal to noise ratio in decibels 

is it required to achieve this capacity? (Answer: 20 dB) 

 

Useful log identities 

logaB=X    =>   aX=B 

logaB = (log10 B)/(log10 a) 

 

d) Sound Waves 
 

1. Wave Propagation Characteristics 

2. Type of Waves 

3. Sound Waves 

4. Propagation Velocity of Sound 

5. Sound Applications 
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 Wave Propagation Characteristics 

Wave is a disturbance in the area, where 

energy is transferred and substances not. 

  

 

• Amplitude, yo 

• Wave length, λ 

• Frequency f , and Period T 

• Wave speed, u: 

     

 Type of Waves 

There are two types of waves: longitudinal and transverse. 

Transverse: The particle motion is perpendicular to the propagation direction of the 

wave. Create crest and trough. 

Longitudinal: Particles of the medium move in a direction parallel to the direction that 

the wave moves. Create compressions and expansions. 

WAVE 

MECHANICAL 

TRANSVERSE 

LONGITUDINAL 

ELECTROMAGNETIC 
Need a transmission 

medium 
Propagates in 

vacuum 
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 Sound Waves 

• Sound is the set of compression waves 

which are sensitive to the human ear. 

Sound waves are longitudinal. 

 

• How sound reach us? 

The vibrating body creates longitudinal 

compression waves in air. It gives energy 

to the air that travels through wave. 

 

• Example:  Tuning Fork 

 

 Propagation velocity of sound 

• wave speed in air ~330-340m/s; 

wave speed in solid up to 6000m/s. 

• How we hear a sound? 

With a highly "intelligent" organ, the 

ear ! 

Can hear waves at frequencies from 

20Hz to 20.000Hz! 

Means of spreading Speed (m/s) 

Air 330 

Carbon Dioxide 260 

Helium 930 

Hydrogen 1270 

Oxygen 320 

Water 1460 

Glass 5500 

Copper 3800 
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Can hear extremely low intensity to a very high intensity. 

The higher intensity we can hear carries 100 trillion times more energy than the lower 

intensity! 

• What we do not hear, is it useless? 

Low Frequencies (f < 20Hz): infrasound  

 Elephant sounds 

High Frequencies (f > 20kHz): Ultrasound 

 Bats, dolphins, dogs, insects, horses ....  

 Ultrasound, quality control, .... 

 

5. Sound Applications 

1. Explain how sound reaches from the tuning fork to our 

ear. 

 

A tuning fork vibrates at certain intervals can 

generates an acoustic wave that propagates to the right (see figure above). The 

frequency of this wave is equal to the frequency of the oscillated tuning fork. As the 

sound wave enters our ear, forces the ear membrane to oscillate with a frequency 

equal to that of the wave, and hence equal the frequency of the tuning fork. This way 

we hear sound corresponding to this  frequency. 

2. Measuring the speed of sound in air 

 Figure below shows how to determine the speed of sound in the air. A tuning fork  

creates  a sound. Using two microphones, the highest sound can be detected. 

Knowing the distance and the duration that the sound travels from one microphone 
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to the other, we can easily calculate the sound speed in air. 

 

𝑢 =
∆𝑥

∆𝑡
=

300

1,17 − 0,29
=
300

0,88
= 340 𝑚/𝑠 

3. Guitar Functionality 

A chord attached at both ends will create a standing wave when is oscillated. 

A chord oscillates in a certain ways. The length of the chord should be equal 

to an integer multiple of the half wavelength, i.e. L = κ . λ/2. 

Each wavelength corresponds to a particular frequency, where the 

relationship between them is inversely proportional. To summarize: in each mode of 

oscillation, a wavelength and a frequency is represented. 

 

Factors of the chords where frequency oscillation depends. 

 The frequency of the sound produced by the chord of a guitar may be changed if 

the tendency change (the force tending the chord) or the length of the chord 

change. 
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 Thinner chords will give higher frequency sounds from chords of the same length 

and tendency, but of greater thickness. 

 The speed of transverse waves propagating in a chord is given by, 𝑢 = √
𝐹

𝜇
 

where F the force tending and m the mass per unit length of  the chord, μ= m / L. 

If V  is the volume of the chord and r is the radius, then:  

𝑓𝑘 = 𝑘𝑓1 =
𝑘𝑢

2𝐿
=
𝑘

2𝐿
√
𝐹

𝜇
  ⇒  𝑓𝑘 =

𝑘

2𝐿
√
𝐹𝐿

𝑚
= 

𝑘

2𝐿
√
𝐹𝐿

𝜌𝑉
 

The volume of the cylindrical chord is given by  𝑉 = 𝜋𝑟2𝐿, therefore the 

above relationship can take the form of: 

𝑓𝑘 =
𝑘

2𝐿
√

𝐹𝐿

𝜌𝜋𝑟2𝐿
=  

𝑘

2𝑟𝐿
√
𝐹

𝜌𝜋
=
𝑘

𝑑𝐿
√
𝐹

𝜌𝜋
 

Therefore, the frequency oscillation on the chords is given by: 

𝑓𝑘 =
𝑘

𝑑𝐿
√
𝐹

𝜌𝜋
 

Conclusion 

Essentially we have shown that the frequency vibration on the chords are: 

 Proportional to the square root of the force F that tends the chord 

 Inversely proportional to the length L of the chord 

 Inversely proportional to the square root of the density ρ of the chord 

 Inversely proportional to the diameter d of chord 

 

e) Newton Law 
1.  A’ Newton Law 

2. B’ Newton Law 

3. C’ Newton Law 

4. Inertia 
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1. A’ Newton Law 

𝐹 = 𝑚𝑎 

When the force 𝐹 = 0 𝑎𝑛𝑑 ∑𝐹 = 0 then 𝑚𝑎 = 0 ⇒ (𝑚 ≠ 0) 𝑎 = 0. 

The body will remain still. 

I. 𝑎 = 0 ⇒ 𝑈 = 0 

II. 𝑎 = 0 ⇒ 𝑈 = 𝑆𝑡𝑎𝑏𝑙𝑒 

The body will move with a constant speed. 

Where there is no force on a body or the resultant of forces is equal to zero, then the 

body will remain still. If the body moves will continue to move at a constant speed. 

2. B’ Newton Law 

Experiment:  

Force F is applied on body of mass m.  

Observation:  

Acceleration of the body. We double the 

force F = 2B applied on the body. 

Observation:  

Doubles the acceleration of the body. 

Conclusion:  

The acceleration of the body is proportional to the force F applied on the body. 

We double the body mass (2m). 

Observation:  

The acceleration of the body is halved. 

Conclusion:  

The acceleration of the body is inversely proportional to the mass m. 

Overall Conclusion: 

When force F is applied on a body then the body accelerates to a speed proportional 

to the force and inversely proportional to the mass m. 
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𝒂 =
𝑭

𝒎
    

𝑭 = 𝒎 ∙ 𝒂 

 

When a body A applies a force F on another body B, then body B applies an 

equal force F in and opposite to the force received. 

 

 

3. Inertia 

Is the property that the bodies have to resist in any change in their kinetic 

situation. 

Inertia depends on their mass and is more intense when the rate of change of 

the kinetic energy is fast. 

 

Body movement inside the lift: 

Lift acceleration upward: 

– B = Weight and  

– N= scale display 

∑�⃗�𝑦 = 𝑚𝑎 ⃗⃗⃗ ⃗  ⇒ 𝑁 − 𝐵 = 𝑚𝑎 ⇒ 𝑁 = 𝑚𝑎 + 𝐵 

Conclusion: the reading of the scale is greater than 

the weight.

Lift acceleration downward: 

∑�⃗�𝑦 = 𝑚𝑎 ⃗⃗⃗ ⃗  ⇒ 𝑁 − 𝐵 = −𝑚𝑎 ⇒ 𝑁 = 𝐵 −𝑚𝑎 

Conclusion: the reading of the 

scale is less than the weight. 

+ 

U 

a 
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Lift movement upwards with an 

expected slowdown: 

∑�⃗�𝑦 = 𝑚𝑎 ⃗⃗⃗ ⃗  ⇒ 𝑁 − 𝐵 = −𝑚𝑎 ⇒ 

𝑁 = 𝐵 −𝑚𝑎 

Conclusion: the reading of the scale is less than 

the weight. 

  

Lift movement downward with an expected 

slowdown: 

∑�⃗�𝑦 = 𝑚𝑎 ⃗⃗⃗ ⃗  ⇒ 𝑁 − 𝐵 = 𝑚𝑎 ⇒ 𝑁 = 𝑚𝑎 + 𝐵 

Conclusion: the reading of the scale is greater 

than the weight. 

 

+ 

U 

a 

+ 

U 

a 

+ 

U 

a 
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Lift movement upwards and downwards at 

constant speed 

∑�⃗�𝑦 = 0 ⇒ 𝑁 − 𝐵 = 0 ⇒ 𝑁 = 𝐵 

Conclusion: 

The reading of the scale is equal to the actual 

weight. 

 

f) Measuring Length of a straight section on slopes ground 

 
1. Measurements on Slopes Ground 

2. Scaled Measuring 

3. Trigonometry Measuring 

 

1. Measurements on Slopes Ground 

 

 

 U=στaθ

 U=στaθ
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The segment measured in slope is larger than the orthogonal projection of 

AB>AB’. 

  

Thus measurements required a relative accuracy using the length AB’ of the 

proper projection of AB. 

An example 

that shows the 

difference in length 

and what problems 

can cause us in a case 

we fail to measure 

the orthogonal 

projection. 

 The distance 

of the building from 

the border is 3,30 m. 

The projection of this 

distance will be  

3,30xcos30°=2,86 m. 

The following methods are used to measure a distance with  slope: 

a) measuring the slope using trigonometry; 

b) scaled measuring using a tool called metralyso (see figure). 

When the ground 

slope exceeds 3
0

 

AB>AB’ 

Δ=AB-AB’ 
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2. Scaled Measuring 

We are measuring the horizontal distance X1, X2, X3, X4 that their length does not 

exceed 5 m. 

For better precision wooden rules are used which are leveled with a bubble level. 

Xολ = X1 + X2 + X3 + X4 

3. Trigonometry Measuring 

When the ground slope is 120 and the distance 50m. 

AB’ = AB x COS Θ  ΑΒ΄= 50 x cos 12° 

ΑΒ΄= 50 x 0,978 = 48,90m 

 

When the ground slope between two points A and D is not stable, then we 

measure the slope distance AB, BC, CD and the ground slope for each segment line. 

      Xολ = Χ1 + Χ2 + Χ3 
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B 

A B’ 

Χολ = (ΑΒ) COS Θ1 + (ΒC) COS Θ2 + (CD) COS Θ3 

 

 

Measurements on slopes ground 

The slope can be expresses as: 

– Proportion  

ΒΒ’ : Β’Α    1:4     ή 

– Percentage of Proportion  

Β’ Α/Β’ Β x100     2/8x100=25% 

ΑΒ=30m θ1=13°30’ 

ΒΓ=50m θ2=6° 

ΓΔ=73m θ3=21°15’ 

 

XOΛ=(ΑΒ)cos θ1+(ΒΓ) cos θ2 +(ΓΔ)cos θ3 

Replace and we have: 

ΑΒ’= 8m 

B’B=2m 
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XΟΛ = 30.cos13°30' + 50.cos6° + 73.cos21°15' 

XΟΛ = 30.0,9724 + 50.0,9945 + 73.0,9320 

XΟΛ = 29,172 + 49,725 +68036=146,933m 

ΧΟΛ  =146,933m 

 

g) Bending stress - basic equation of bending 
 

1. Bending 

2. Basic Concepts and Definitions of the Beam 

3. Strain of the Beam in Bending 

4. Main Formulas 

5. Examples 

 

1. Bending 

 Rods and beams are used by many manufactures now as their basic building 

blocks. Such constructs may be frames of buildings and factories, bridges etc. These 

components receive various external loads of the construction and the divert them 

into the ground through the supports of construction. 

 Depending on how they are used, these components are strained in various 

kinds of stresses (forces). One of these forces is the bending. 

 When on a rod or a beam observed change in curvature of the geometric axis, 

this is due to stress of the bar or beam in bending. This change in curvature of the axis 

of the above elements, is due to the loading of such elements from external loads or 

the weight of these elements itself. The size of the curvature (deflection) depends on 

the magnitude of the external forces, the dimensions of the beam and the 

construction material. Depending on how these external loads act  on a beam, results 

in a various kinds of bends. 

Simple bending (A beam stressed in simple bending when loaded with torque 

equal and in opposite directions, applied to a plane containing the axis of the beam), 
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where at the beam only bending torque (bending moment is the internal torque, 

developed in each section of the beam as a result of the transfer of the loads of the 

beam to the supports). 

The purpose is to calculate the maximum trend which is developed in a beam as a 

result of bending moment acting on the beam. 

 

The chart shows a beam of rectangular cross section. Then, loaded with a 

force in the middle of the beam that causes the beam to bend. 
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2. Basic Concepts and Definitions of the Beam 

Neutral plane is the plane in which the fibers of the beam are not stressed. For 

example, the tendency of the beam at this level is zero. 

Neutral axis is the section of the neutral plane and the load level. 

Fibers are the imaginary lines along the beam and are of the same distance from the 

neutral axis. 

 

  

 

 

 

 

 

 

 

Beam with rectangular cross section, forced with power in the middle of. 
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3. Strain of the Beam in Bending 

Conclusions: 

The fibers of the beam located on the neutral plane are not stressed, i.e. the 

trend in the neutral axis is equal to zero. 

The fibers of the beam located above the neutral plane are in compressive 

strain. The fibers of the beam located below the neutral plane are tensioned. 

The bending stress 

imposed at beam section is 

proportional to the distance 

y from the neutral axis. 

The biggest trends 

developed in a block, located 

in the most remote parts of 

the neutral surface (Ymax). 

Therefor, at these points we 

do the calculation. These trends should not exceed the permissible limit. 

 

 

 

 

 

 

 

Beam with rectangular section subjected to bend by a force applied in the 

middle. 
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4. Main Formulas 

Bending stress calculation : 

  Consider that a tiny area of the total section of a beam which is stressed in 

bending, defined by the sides AΓ and ΒΔ and that αα is a random level at a distance y 

from the neutral axis. 

The extensions of sides ΓΑ and ΔΒ intersect at point Ο forming a very small angle θ. 

The radius of curvature of the neutral 

surface will be equal to: Ok = R. 

The radius of curvature of the surface 

αα is:  

R + y. It is known that the length of an 

arc is equal to the product of the radius 

at the angle and therefore the following 

relations will apply: 

𝛼𝛼 = (𝑅 + 𝑦) ∙ 𝜃 

𝑘𝑘 = 𝑅 ⋅ 𝜃. 

From Hooke's law is also known that: 

 

𝜀 =
𝜎

𝐸
=
Δ𝑙

𝑙
 

𝜀 =
Δ𝑙

𝑙
=
𝛼𝛼 − 𝑘𝑘

𝑘𝑘
 

𝜀 =
𝜎

𝐸
=
(𝑅 + 𝑦) ∙ 𝜃 − 𝑅 ∙ 𝜃

𝑅 ⋅ 𝜃
=
𝜃 ∙ [(𝑅 + 𝑦) − 𝑅]

𝑅 ⋅ 𝜃
=
𝑅 + 𝑦 − 𝑅

𝑅
=
𝑦

𝑅
 

𝜎

𝐸
=
𝑦

𝑅
⟹ 

𝜎

𝑦
=
𝐸

𝑅
⇒ 𝜎 =

𝐸

𝑅
∙ 𝑦 

Τhe above formula shows that the bending stress is proportional to the 

distance y from the neutral axis of the beam. 
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Basic formula of bending: 

𝑀𝑏
𝐼𝑥𝑥

=
𝐸

𝑅
=
𝜎

𝑦
 

where 

Mb=Pending Moment(Nm) 

I=Axial Moment of inertia area(mm4) 

σ=Bending stress(N/mm2) 

y=Distance from neutral axis(mm) 

E=Elasticity measurement of 

Young(N/mm2) 

R=Radius of urvature of the neutral 

surface(m) 

5. Examples 

a) A bridge is usually rests on 

two supports (columns). 

Practical can be represented as a 

beam, which is mounted in two 

brackets, as in figure. The same 

weight of the bridge acts as external 

load (force F) and which causes a 

curvature in the axis of the bridge, as 

a result of the stress of the bridge to 

bend. 

When on a rod or a beam, observed change in curvature of the geometric axis, is 

due to the stress of the bar or beam in bending. 

b) Like a bridge, so and a balcony, for structural 

design purposes, it may be represented as a beam, 

which is anchored at one end, as in figure. Because of 

the balcony weight we can see on a geometric axis a 

curvature due to the stress of the balcony bending. 
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c) The diving board can be represented graphically as a beam, wich is mounted 

at one end, as in the figure below. Because of the weight of the diving board but the 

weight of the swimmer, wich act as ab external load on the diving board we can 

observed on the geometrical axis a curvature due to the force of bending.

 

 

h) Alternating Current 

 

1. AC Circuits 

2. Types of Circuits 

3. Power 

4. Example 

 

1. AC Circuits 

The main components of a circuit are: 

 Resistor with resistance R. 

The electrical energy is converted into heat. 

 The inductor with an inductance L. 

The electrical energy is converted into magnetic  field energy. 

 The capacitor with capacitance C. 

The electrical energy is converted to electric field energy. 
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2. Types of Circuits 

• Types of Circuits 

 Simple circuit: when it consist of a single element 

 

 Composite circuit: when it consist two or three element 

 

• AC circuits with resistance 

Circuit plan: 

 
In the circuit we apply a voltage whose instantaneous value is given by the equation: 

u = Um sin ω t 

In the circuit a current I appears. For every instantaneous value of voltage and 

current, Ohm’s law is applied: 

u = i R 

R – Resistance in ohm. 

The current passing through the circuit will be equal : 

 

 

Therefore, the current varies with the same frequency ω. 

The voltage across the resistor and the current flowing are in Phase. 

tI
R

tU

R

u
i m

m 


sin
sin
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Voltage and current waveform in circuit with resistor. 

 

The maximum value of the current 

R

U
I max

max   

The effective value of current: 

R

U
I rms

rms   

Irms – effective value of current in ampere (Α) 

Urms - effective value of voltage in volts (V) 

  Vector diagram of voltage and current in the circuit with resistance 

 

 

 

3. Power in the AC Circuit With Only Resistance 

The instantaneous power: 

p = u · I 

i u 
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While the alternating u and i values varied periodically, will assume that the power 

will also vary periodically : 

P = Um sin ωt · Im sin ωt 

Examining the above equation will give us the equation of power 

t
IUIU

p mmmm 2cos
22





  

tIUIUp cos  

From the above equation we conclude that the instantaneous value of the power 

consists of two components:  

 a constant U · I and  

 another U · I · cos 2 ωt which varies periodically with time circular frequency 

2ω, twice that of current and voltage 

The average value represents the power provided by the source in the ohmic 

resistance is called Net power and is equal: 

R

U
RIIU

IU
P mm

2
2

2



  

 

4. Example 

 Resistor with resistance R=40Ω is connected to a source of alternating 

voltage where the instantaneous value is given by the equation  

u = 120 sin (628 t + n / 6). 

Derive: 

a) The equation of the instantaneous value of the current flowing through the 

resistor. 

b) The phase diagram of the voltage and current. 

 

Solution 

a)     Umax = 120 V 

          Imax = Umax / R 



What’s the 
use of it?  

 

126 
 

          Imax = 120 / 40 = 3 A 

The equation of the instantaneous value of the current flowing through the resistor is: 

         ι = 3 sin(628 t + π/6) Α 

b) vector representation voltage – current: 

 

 

 

  

i 

u 
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4.  Applications in other sciences 

 

a) The Braille Code 

 
1. Why did the Braille writing system appear? 

2. Louis Braille 

3. The Braille Array 

4. Writing Machines Used for the Braille Code 

5. Aplications In Mathematics 

6. Writing Programmes in Braille 

7. The Basic Mathematical Code(The BMT) 

 

1. Why did the Braille writing system appear? 

The Braille code appeared in order to help persons with eyesight deficiencies to 

have access to visual information, that has to be convert into information perceivable 

by the other valid senses. The first remarkable achievement which offered the blind 

access to the written information is the Braille writing and reading system. This 

system has been used as a form of communication for the blind since 1829, when it 

was invented by Louis Braille, a young Frenchman. 

2. Louis Braille 

Louis Braille (1809-1852) was born in 

Coupvray,  France,  a small town situated in the 

East of Paris.  His father was a tanner and little 

Louis enjoyed spending time in his workshop.  

When he was three years old he was 

trying to make a hole in a piece of leather with a 

sharp object, he pushed too hard and it stabbed 

one of his eyes. The subsequent infection 
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spread to the other eye and by the age of five Braille completely lost his sight. 

At the age of ten, he was accepted at a superior school in Paris, which, 

despite the fact that it was not very developed and popular, offered the blind people 

the possibility to study. Young Braille quickly imposed due to his intellectual abilities 

and he could even become a teacher. At the same school, he found out about an 

alphabet for the blind, called Hauy. 

The young Louis distinguishes himself by diligence, intelligence and skill, being 

remarked at all the school subjects : grammar, history, geography, arithmetic, logic 

etc. , as well as at music and practical works (knitwear, manufacturing slippers knitted 

even from strips). 

During school, the personality of Braille becomes more and more outlined 

and complex, having a living intelligence , a clarity and accuracy of ideas, as well as a 

soul of justice and correctness. Also,  he was having an wealthy imagination, always 

leaded by judgement. 

How was the Braille code created ? 

Meeting Barbier de  la Serre, a captain from the French army, had a defining 

influence on Louis. This amazing man  had  already created a code of embossed dots, 

that could be read by soldiers at night, without using any luminous sourse  that could 

have bespoken their position. Barbier’s system used 12 arranged dots. 

 The  young blind  developed  the captain’s idea into a proper, simplified 

method. This code is based on the usual alphabet and  it only uses six dots gathered in 

cells. Each cell has two columns and two rows of dots, organised in two columns of 

six. 

 

3. The Braille Array 

• Mathematically, there are 64 possible combinations. Since this 

number is insufficient to cover all the graphic signs, most of them have 

several uses based on specific rules. For the ease of application, the 
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points are numbered from top to bottom and from left to right. 

• Where is this code used? 

 Grade1 contains only letters, numbers an some punctuation marks. It is rarely 

used in published work.  

  The literary Braille Code or Grade 2 is mostly used for fictional and 

nonfictional publications, including text books,  excepting the Mathematics, 

Science, Music and Foreign Languages ones. 

  The Nemeth Braille Code is used in Mathematics and Science, containing 

symbols that do not exist in the literary Braille Code.  

  The Braille code for computer developed  from the need to translate 

situations related to the PC usage like file names, the exact number of free 

spaces or other details.  

  The Braille musical Code is a totally diferent one, which demands detailed 

knowledge in this domain.  

• Adaptability 

One characteristic of the Braille’s writing system can be considered the use of 

“precursory steps”. There is a set of special signs which do not appear in usual 

writings and which, placed before other signs, modify their value, giving them another 

meaning. 

These types of special precursory signs are, for example, the capital letter, the 

figure sign and so on. If a Braille letter is preceded by the sign of the capital letter 

(point 4 and 6), it becomes a capital letter. The figure sign (points 3,4,5,6) makes the 

signs of the first decade into figures. 
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4. Writing Machines Used for the Braille Code 

The lance and the tablet 

 

The Braille Machine 

 

The Braille Machine  is similar to the writing machine but has only 6 keys 

representing the 6 points of the Braille cell . Paper is introduced in the Braille Machine 

and multiple keys are pressed in order to create a whole cell at each press. 

 

• The Writing Systems nowadays 

Nowadays, the most important instrument in the area of access  technology has 

been proved to be the computer. Really sophisticated programs, called screen-

readers, have been created in order to allow blind persons to use the computer as 

easy as  seeing persons would. 
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• Conclusions 

 The Braille Code is not just a regular alphabet , it is a writing and a notation system 

which includes the alphabet, punctuation marks ,  an abbreviation and stenography 

system, and even mathematical symbols, musical notes etc. 

 On the other hand, compared to the systems used before Braille, this system can 

be useful when reading and writing and it can also be printed.  

 

5.  Aplications In Mathematics 

• How Did The Braille Code extend? 

 As expected, the Braille alphabet extended in many areas, such as Mathematics 

and Physics. The Grade 1 and 2 Braille alphabet systems were not so effective ways of 

writing equations,  due to their complexity . There were some softwares that could 

convert equations using Braille, but an expert user was needed, and it was also 

convenient only for primary school level equations. 

• How does a Braille character look? 

A Braille character it is a square of 2x3 points, each letter having a different 

representation. At the basic level, the translation of a standard text in Braille is only 

made using  a change of the font, every letter being replaced with a specific Braille 

character. Taking into consideration the fact that only 63 characters are available in 

the Braille code, it is necessary to combine the Braille characters in pairs of 2 or 3, in 

order to represent other symbols. 
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5. Writing Programmes in Braille 

1) UK 

2) Dotsplus 

3) Nemeth 

4) GS Braille 

5) RNIB 

 

• Top Programs 

The best 

programs are Duxbury 

Braille Translator (DBT) 

which try to produce 

the Braille texts 

following the RNIB and 

Dotsplus, which uses 

your own system. RNIB 

published a standard 

system for the 

representation of 

mathematical symbols in Braille.  

The system represents the equations as linear sequences of Braille characters, with a 

large number of extra characters, to represent the factors and the form of the 

ecuation.  

 

6. The Basic Mathematical Code(The BMT) 

 Blind students and pupils faced a very big problem which was the different types 

of mathematical signs appeared in books produced in different states and continents. 

That`s why, in 1987 an international convention was created In order to gather all the 
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knowledge in Mathematics and collect it into one international code. We have to take 

into account the fact that not all the blind people have access to this code. Not in 

every school with disabilities is this BMC system  fully acquired by the staff and the 

pupils. The concept is vast. This type of code has multiple variants of usage : the 

printed one, the Braille one or de digital/informatic one . 

 

7. Examples  

Exp1: 1+2=3  

Exp2: 3²  

 

Mathematical Symbols 

 

Exp3: There are given some names: Alina, Bogdan, Cosmin, Dara, Flavius, Geta, 

Horică, Ionuţ, Maya, Şerban. These are translated into Braille alphabet, randomly:   

A.  

B.  

C.  
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D.  

E.  

F.  

G.  

H.  

I.  

J.  

 

A . Identify each corresponding name 

in Braille: 

Alina  

Bogdan 

Cosmin 

Dara 

Flavius 

Geta 

Horică 

Ionuț 

Maya 

Șerban

 

B. Transcribe the following names in 

Braille: 

Petre 

Darius 

Sașa 

Zoe 

 

Solution: 

A. 

Alina  → f 

Bogdan → j 

Cosmin → b 

Dara → h 
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Flavius → a 

Geta → d 

Horică → i 

Ionuţ → c 

Maya → e 

Şerban → g 

 

B.  

We can observe the presence of the sign  at the start of every name, 

symbolizing the capital letter. Each name of the Braille alphabet will have the number 

of the letters from the normal alphabet plus 1, which will be the initial capital letter. 

The element which is the basis of compiling the signs in Braille alphabet is the 

fundamental group, composed by 6 points.  

For marking the points, we are using figures from 1 to 6, spread vertically.

Basing on pairs above, each letter has a representation in Braille, this way: 

Petre  

 

Darius 

 

Saşa 

 

zoe 

 

Observations: 

Two of the names do not have a capital letter, so the  sign will not be used in 

transcription. 

 Letters Z and P can be identified by analogy with the proximate letters: 

  for P (1,2,3,4) – by analogy with R (1,2,3,5) 

  for Z (1,3,5,6) – by analogy with Y (1,3,4,5,6)  

   From given data(hypotesis),  the letter R is recognised by:   
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   The letter P precedes letter R (P - R); so that the sign  is composed of the same 

numbers, for the last point using the number that is a unit smaller  than 5. 

  Letter P:   

For letter Z, we start  from  letter Y:    

Letter Y precedes letter Z (Y - Z); thus,  the  sign  is  formed  from  the  same  numbers, 

but  for  the last  points  we  use  numbers  that  are  a unit  bigger  than  4, 

respectively  5 (because  for 6->7  it  is not  possible  as  the  Braille  alphabet  is 

formed  from  6  points, not  7):   

 

Exp4: There are given  the  next  tangale  words  translated  into  english: 

Loo=meat    looi=the meat      bugat=window   bugatko=your window    aduk=weight   

adukto=his/her weight    wudo=tooth     wudi=the tooth     lutu=bag      lunto=my bag 

Taga=shoe   taggo=your  shoe    duka=salt    tagdo=his/her  shoe        tagdo=his/her  

shoe 

A. Translate  into  tangale:                     

My  meat= 

The  window= 

Your  weight= 

His/Her  tooth= 

Your  bag= 

The  salt= 

B.  Translate into english: 

wudno= 

 tagi= 

 dukto= 

bugatto = 

wudgo = 
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Solution 

From the given examples it can be observed: 

• how the definite article is marked: 

Noun + -i → when the noun ends in-oo,  for example– loo – looi → or in a 

consonant,thing that will be notcied after solving the following translation: 

The window = bugat + -i, by analogy with the loo + -i example; 

→ when the noun ends in a simple vowel, for example – wudo, the final vowel is 

replaced by -i, wudo → wudi ); 

• how the possesive adjective, the first person, is marked: 

Noun ended in consonant + -no: bugat-no 

Noun ended in vowel: the vowel is replaced by  -no → lutu → lutno. 

• how the possesive adjective, the second person is marked: 

    The noun ending in consonant + - go (when the noun ends in -d or -g, for example, 

tag-go) or The nown ending in consonant + - ko (when the noun ends in -t or -k, for 

example bugat-ko); 

The noun ending in vowel : the vowel is replaced by- go (when the noun ends in -d 

sau -g, after the vowel is removed, for example, wudo → wud-go – analogy with 

taggo) or - ko (when the noun ends in -t or -k, for example lutu → lut-ko – analogy 

with bugatko; 

•     how the possesive adjective, the third person, is marked: 

   The noun ending in consonant + -do (when the noun ends in -d sau -g, for example, 

tag-do) or the noun ending in consonant + -to (when the noun ends in -t sau -k, for 

example aduk-to); 

     The noun ending in vowel : the vowel is replaced by -do (when the noun ends in or 

-g, after the vowel is removed, for example, wudo → wud-do) or -to (when the noun 

ends in -t or -k, for example lutu → lut-to) 
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Conclusion:  

a.  

my meat= loono  

the window = bugati 

your weight = adukko  

his/her tooth= wuddo  

your bag= lutko  

the salt = duki 

 b.        

wudno = my tooth 

tagi = the shoe 

dukto = his salt 

bugatto = his window 

wudgo = your tooth 

 

Exp5:  Consider the following tables: 

 

A. Write using numbers: 

 tolcëa  =  

enquë cancainen = 

cancainen neltuxa = 

lempë tolcainen = 

tuxa = 

B. Write in the quenya language: 

1= 

14= 

70= 

385= 

192= 

Solution: 

From the data provided, we can see that: 

Numbers from 12 to 19 form from numbers 1 - 9. After the first syllable of the 

numbers from 1 to 9  we add the suffix -cëa: 

 Exp: neldë (3) → nel + cëa = nelcëa (13) 
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Numbers 10, 20, 30....90 are formed by adding the word cainen (ten) after the first 

syllable of numbers from 1 to 9(the same principle as for numbers from 12 to 19, the 

suffix being different): cainen [10], yucainen [20], nelcainen [30], cancainen [40], 

lemincainen [50], eneccainen [60], otsocainen [70], tolcainen [80], and nercainen 

[90]: 

Ex: neldë → nel - dë = nelcainen 

The numbers from 21 to 99 are built in this way : 

The number of units ( numbers form 1 to 9) + number of tens(10, 20, 30...90).  

Numbers 100, 200, 300...900 are built in the same way of tens by adding the suffix 

tuxa after the first syllable of the numbers from 1 to 9, with the exception of 100 

which is tuxa:  tuxa[100] 

 

 

 

Ex: 46 : enquë cancainen   

Numbers 100, 200, 300...900 are built in the same way as tens by adding the suffix” 

tuxa” after the first syllable of the numbers from 1 to 9, with the exception of 100 

which is tuxa: tuxa[100],  yutuxa [200], neltuxa [300] etc. 

         When a number is formed from hundreds, tens and units, the order is: units-

tens-hundreds 

Ex: atta otsocainen tuxa [172]  

 

Conclusion: 

tolcëa = 18 

enquë cancainen = 46 

cancainen neltuxa = 340 

lempë tolcainen = 85 

tolcainen neltuxa 

tuxa=100 

1= minë 

6 40 

2 100 70 
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14= cancëa 

70=otsocainen 

385 = lempë 

192 = atta nercainen 

 

b) Applications in Architecture 

 
1. Introduction 

2. The Basic Barge 

3. The Bridge Problem 

4. Roller Coaster Problem 

5. Tasks 

 

1. Introduction 

The architecture is often found at objects the shape of which reminds  of 

mathematical structures and functions. 

Look at the following pictures and answer a mathematical function which can be 

approximated by a prominent curve. 

 

Infinity Bridge 

 

San Francisco – Oakland Bay Bridge 
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Arch Bridge - Toronto 

 

Paul Klee Museum 
 
 
 
 
 
 
 
 
 
 

Twin Buildings  

 

 

Modern  Vineyard in Spain 

 

 

2. The Basic Barge 

Barges come in a variety of sizes to carry cargo through waterway systems. 

Engineers, when designing bridges, need to ensure that the bridge is wide enough so 

that a variety of boats can safely pass under the bridge. 

An engineer might use a model of a bridge to explore various shapes and determine 

costs. Your task is to develop an algebraic model (an equation) for a parabolic bridge. 
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1. The parable is a graph of the function.  

2.  Write a standard form of the Quadratic function.                     

Quadratic function  . 

You, an engineer, need to design a parabolic bridge under these conditions: 

Width of the river:  5 m 

Width of the largest barge:  4 m       

Total height of the barge (including cargo):  2 m 

Brainstorm: What are some questions you could ask yourself for each design? 

1. Can both the barge and cargo pass safely under the bridge? 

2. Are the edges of the bridge on land? 

3. Can the bridge be any smaller (to save costs)? 

This diagram shows three different parabolic bridges. Which one best meets the 

design specification? 

       Engineer's Choice  

 

 

 

 

2( )f x ax bx c  
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Explain your reasons  if you agree with the engineer's choice.  

Solution: Create an algebraic model for the bridge: 

1. Arch of the bridge can be approximated by a Quadratic function. 

2. Choose a location for origin - center of the river 

3.     As the width of the river is 5 m, let's start the bridge in   points  

     𝑁(−
5

2
, 0), M(

5

2
, 0)   

4. Determine another point that lies on the arch of the bridge  A(- 2, 2) 

5. Use a standard form of the Quadratic function 𝒇(𝒙) = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 

𝑁 (−
5

2
, 0) ⇒ 0 =

25

4
𝑎 −

5

2
𝑏 + 𝑐

𝑁 (
5

2
, 0) ⇒ 0 =

25

4
𝑎 +

5

2
𝑏 + 𝑐

𝐴(−2,2) ⇒ 2 = 4𝑎 + 2𝑏 + 𝑐 }
 

 

 
25

4
𝑎 + 𝑐 = 0

4𝑎 + 𝑐 = 2
}  𝑎 = −

8

9
 , 𝑐 =

50

9
      

The  arch of  the bridge  can be approximated by the  function : 

 

 

 

28 50
( )

9 9
f x x  
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Solve the following problems: 

1. If the cargo width is 3m, determine the maximum height of the same, which can 

pass under the bridge. 

2. What is the maximum cargo width which is 4 m high? 

Solution. 

1. We need to determine f(x)  for 𝑥 =
3

2
   → 𝑓 (

3

2
) = −

8

9
(
9

4
) +

50

9
=

32

9
≈ 3.55 𝑚 

2.  We need too determine x if  f(x) = 4 → 4 = −
8

9
𝑥2 +

50

9
 

                                                              36 = −8𝑥2 + 50 → 𝑥2 =
14

8
→ 𝑥 ≈ 1.24 

 Cargo width is : 2.49 m. 

 

5. The Bridge Problem 

The  arch of  the bridge  can be approximated by the function:    

𝑓(𝑥) = −
1

800
(𝑥 − 40)2 + 2. 

We must calculate    𝑓(10), 𝑓(20), 𝑓(30), 𝑓(40), 𝑓(50), 𝑓(60), 𝑓(70). 

 

𝑓(𝑥) = −
1

800
(𝑥 − 40)2 + 2 

𝑓(10) = 𝑓(70) → 𝑓(10) = −
1

800
(10 − 40)2 + 2 = −

9

8
+ 2 = 0.875𝑚 

𝑓(20) = 𝑓(60) → 𝑓(20) = −
1

800
(20 − 40)2 + 2 = −

1

2
+ 2 = 1.5𝑚 

𝑓(30) = 𝑓(50) → 𝑓(30) = −
1

800
(30 − 40)2 + 2 = −

1

8
+ 2 = 1.875𝑚 

The total length of the pillars on one arch of the bridge is 10.5 m.  

The total length of the pillars is 21 m. 

0

2

4

0 10 20 30 40 50 60 70 80 90



 

2015 
Functions 
Applications 

 

  145 
 

4. Roller Coaster Problem 

A theme park is building a part of a roller coaster track in the shape of sinusoide. 

 

 

 

 

 

 

 

 

 

 

 

 

 

a) The high and low points of the track are separated by 50 m horizontally and 

30 m vertically. The lowest  point is 3m under the ground. Let  y  be the distance ( in 

meters) of a point on the track  above the ground. Let  x  be the horizontal distance of 

a point on the track  from the high point. Find a particular equation for y as a function 

of x. 

b)  The vertical supports are spaced 2 m apart, starting at the high point and 

ending just before the track goes under the ground. The builder must know how 

much support  beam material to order. Find the total length of the vertical beam. 

Roller coaster track will  be  approximated by the function 
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𝑓(𝑥) = 𝐴𝑐𝑜𝑠𝐵(𝑥 − 𝐶) + 𝐷. 

|𝐴| is the amplitude: 

The highest and lowest points of the track are separated 30 m vertically:  2A = 30, A = 

15. 

The highest point is at a height of 27 m, and the lowest point -3m and D=12 m. 

𝑓(𝑥) = 15 𝑐𝑜𝑠𝐵(𝑥 − 𝐶) + 12 

The cosine function starts a cycle at the highest point because cos 0 =1,   C = 0 

because there is no horizontal translation. 

B is the reciprocal of the horizontal dilation, period=
2𝜋

|𝑏|
 . 

The highest and lowest points of the track are separated 50m horizontally : 

𝑝𝑒𝑟𝑖𝑜𝑑

2
= 50 =

𝜋

|𝑏|
            𝑏 =

𝜋

50
 

Particular equation for y as a function of x is: 𝑓(𝑥) = 15 cos
𝜋

50
 𝑥 + 12 
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The vertical supports are spaced 2 m apart and we must calculate f(0), f(2), 

f(4),…f(38). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Definition: general sinusiodal equation 

𝑓(𝑥) = 𝐴𝑠𝑖𝑛𝐵(𝑥 − 𝐶) + 𝐷  𝑜𝑟   𝑓(𝑥) = 𝐴𝑐𝑜𝑠𝐵(𝑥 − 𝐶) + 𝐷 

• |A| is amplitude (A is vertical dilation, which can be positive or negative). 

• B is  reciprocal of the horizontal dilation, period=
2𝜋

|𝐵|
 

• C is the phase displacement (horizontal translation) 

• D is the location of the sinusoidal axis (vertical translation) 

• Find a particular equation of the sinusoide which is graphed. 

 

0 27

2 26.86

4 26.48

6 25.88

8 25.06

10 24.03

12 22.82

14 21.43

16 19.89

18 18.23

20 16.48

22 14.65

24 12.78

26 10.89

28 9.03

30 7.21

32 5.47

34 3.82

36 2.32

38 0.96

321.29
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Tasks 

Solve the following tasks: 

1. Look for a few functions in architectural buildings in your city. Create a poster. 

 

Railway station in Turkey 

2. The span of the bridge is to be 2000 m, and it is to rise 250 m at the vertex of the 

parabola. The roadway is horizontal and will pass 20 m above the vertex. Vertical 

columns extend between the parabola and the roadway, spaced every 100 m 

horizontally. 

a) Find the particular equation of the Quadratic Function the  graph of which 

approximates the  arch of the bridge. 
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b) The construction company that builds the bridge must know how long each 

vertical column is. Make a table of values showing these lengths. 

c) Calculate total length of the column (observe, that on both sides of the bridge 

there is a row of the columns). 

 

c) Applications in Topography 

 
1. Measure the Depth of a Fountain Above the Water Level 

2. Determine the Height of a Tower With Accessible Base 

3. Determine the Height of a Tower Using a Plane Mirror  

4. Determine the Height of a Tower, Separated From the Viewer By An Obstacle, 

Using a Plane Mirror 

5. Determine the Distance Between Two Accessible Points 

6. Determine the Distance Between an Accessible A and an Inaccessible Point B 

7. Determine the Distance Between Two Inaccessible Points 

8. Determine the Height of a Inaccessible Tower Situated on a Hill 

 

1. Measure the Depth of a Fountain Above the Water Level 

 Sam wants to find out the depth of the fountain in his garden. Therefore he 

goes near the fountain (point D) and he looks from C (his eyes) at the opening of the 

fountain (point B) seeing the surface of the water in point A, so that A, B and C are 

situated on the same line(they are collinear).  

∆BCD ~ ∆ABE so CD/BE=BD/AE =>BE=CD*AE/BD 

CD=Sam’s height                                                                          

AE=fountain’s width 

BD=the distance between  
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2. Determine the Height of a Tower With Accessible Base 

Fred wants to determine the height of a tower. He takes a piece of wood and 

measures its height. After that he places the measured stick in vertical position at 

distance AC from the tower(AC is known).Then Fred moves away from the stick until 

he sees the points B and D on the same line (A, C and O are situated on the ground 

level and are collinear).  

∆ABO ~ ∆CDO, so AB/CD=AO/CO => AB=AO*CD/CO 

CO is measured.      

 

3. Determine the Height of a Tower Using a Plane Mirror  

 Ted wants to determine the height of the tower AB using a plane mirror he 

found in his basement. He takes the mirror and puts it in point O. He moves away 

from it until he reaches point D from which he can see the peak of the tower in the 

mirror(CD is Ted’s height). 

∠BOM=∠MOC =>  ∆AOB ~ ∆DOC so   AB/CD=AO/OD => AB=AO*CD/OD 

AO and OD are measured. 
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4. Determine the Height of a Tower, Separated From the Viewer By An Obstacle, 

Using a Plane Mirror 

Helen wants to determine the height of a tower, but she is separated from it by a 

big hole in the ground. 

So, she takes her plane mirror and puts it in O. Then she goes to D, so that she can see 

in the mirror the reflection of the peak of the tower. After that she moves the mirror 

to O’ and she goes to D’ from which she sees again the reflection of the peak of the 

tower.   

 

∆AOB ~ ∆DOC and   ∆AO’B ~ ∆D’OC’ => AB/DC=AO/DO and AB/D’C’=AO’/D’O’ and 

DC=D’C’ (Helen’s height)    

therefore 

 AB/DC=AO/DO=AO’/D’O’=(AO’-AO)/(D’O’-DO)=OO’/(D’O’-DO) 

OO’,DC,D’O’,DO is measured so AB=DC*OO’/(D’O’-DO) 

5. Determine the Distance Between Two Accessible Points 

 George wants to know the exact distance between two trees(A and B). 

Unfortunately between those trees George’s brother dug a considerable hole. 
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Therefore George decides to use math to reach his objective. Firstly he finds a point C 

from which he can walk to those trees in a straight line. Then he measures the 

distances AC and BC and the angle BCA.   

𝐴𝐵2=𝑎2+𝑏2 - 2ab*cosC 

 

 

6. Determine the distance between an accessible A and an inaccessible point B 

We take one point C from which we can see B and measure the distance AC and the 

angles A and C. 

AB/sinC=AC/sinB 

B=π-(A+C)  => AB=b*sinC/sin(A+C) 

sinB=sin(A+B) 
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7. Determine the Distance Between Two Inaccessible Points 

 

We pick two points C and D from which we can see both A and B and so that the 

distance CD can be measured.Doing the measurements we find out: 

CD=a; μ(∠ACB)=α; μ(∠BCD)=β ; μ(∠ADC)= γ ; μ(∠ADB)= δ ; 

Analyzing the triangles BCD and ADC we observe that 

BC/sin(γ+ δ)=CD/sin(B)=>BC/sin(γ+ δ)=a/sin(γ+ δ+ β) => BC=a*sin(γ+ δ)/sin(γ+ δ+ β) 

AC/sin(γ)=CD/ sin(γ+ δ+ β)  => AC=a*sin(γ)/sin(γ+ δ+ β)                                                                                                                     

∆ABC =>𝐴𝐵2=𝐴𝐶2+𝐵𝐶2- 2AC*BC*cos α 

 

8. Determine the Height of a Inaccessible Tower Situated on a Hill 
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We choose an accessible point C and we work in the plane created by the 

points A,B and C. We take another point D and we let E be the intersection point 

between the vertical line which goes through A and the horizontal line that goes 

through D.  

 

After the measurements we have:  

CD=a; μ(∠EDB)= γ;  μ(∠ACB)=α; μ(∠ADB)=β; in ∆ACD we have: AC/sin β=a/sin(α- β) so 

AC=a*sin β/sin(α- β) 

In ∆ABC we have: 

AB/sinα=AC/sin(π/2+ γ) so AB=sin(α)*AC/cosγ so AB=a*sinα*sinβ/(sin(α- β) *cosγ) 

 

d) Activities with real life things 

 

1. Functions in Daily Life 

2. Speed - Fuel Relations 

3. Happiness Level 

4. Exercises 

5. Solutions 

 

1. Functions in Daily Life 

Functions are used in many places in our everyday lives.   Functions can be 

used  even while writing a computer program  unrelated to mathematics .  

The result of the function of greet written with the following codes is as follows “Hello 

Bob, today is Tuesday”. 

Here is a simple function: 
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Let's say we have a bump in front of us while travelling in our car. We know  

that  thanks to  shock absorbers in our car,  we do not feel  this effect  too much and  

we have a more comfortable drive.  

Because, while designing vehicles,  automobile manufacturers  take  the comfort of 

the vehicle into account  by producing  a relationship (function) between  the 

movement  of the shock observers and that of the person sitting in the seat. 

 

2. Speed - Fuel Relations 

Now we will look into only the 

cases which are related to each other 

mathematically and can be faced in daily 

life. 

Let's start with a simple example. In the 

following example, a new group of 

engineers has been doing a variety of 

research on an automobile engine they 

have just manufactured. 

This group of engineers has made 

several experiments to measure   how 

much  fuel  the new automobile spends  and  they have found  the function that gives 

the variation of the fuel amount (in the form of liter) according  to the time in which 

the automobile is moving. 

ttXttY 510)(      )10()( 2   

 Y(t) = the amount of fuel in the tank at time of ‘t’ 

 X(t) = the position of the vehicle at time of ‘t’ 

According to this information, let’s solve the following questions together. 
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A newly manufactured automobile is brought to a driving track  by the help of 

a tow truck with the aim of avoiding incorrect  measurement and its tank is 

completely filled.  

1. According to this: How many liters is the vehicle tank? 

As the car didn't move on the road at first (it was brought to the track by the help of a 

row truck),  we can assume the time as ‘0’ and thus we can find the amount of the 

fuel in the tank automatically.   

literY

Y

Y

ttY

100)0(

)10()0(

)100()0(

function;  theto

 according  time):(t 0=  t write weif

)10()(

2

2

2









 

 

2. If the car begins to move in a full tank of fuel, how many hours later does the 

fuel end up?  

Let’s use the given function and solve the questions. 

Hour10010

0100)10(

0)10(

 according  time):(t 0=  t write weif

)10()(

2

2

2









tt

tt

t

ttY

     

 

The following graphs were obtained as a result of the various research and 

calculations  done by the same engineers. 

If we consider that the fuel decreases in direct proportion,  

 

1-what  is the function giving the amount of fuel consumed in this motion of the 

automobile? 
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10010)(          that     find We
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Graph is as follows. 

 

2-and what can we say about the vehicle's speed here? 

Because it consumes the same amount of fuel per unit time, it moves at a constant 

speed. 

ttY 10100)(   

In the question, it is given the amount of the fuel. If we analyze in detail, we 

can see that  the fuel in the tank decreases quickly at first and a little more slowly 

later. 
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If we look at the green lead-time graph below, we can infer that the vehicle takes a 

long way in a short time at first but later ,  the way taken gradually reduces  in per 

unit time. 

 
Based on these two pieces of information, we can say that the automobile tends to 

first accelerate and then slow down. 

In order to obtain more detailed information, the engineers drew the graph of 

the change rate of the fuel amount according to the speed via  a sensor placed in the 

vehicle. 

Let’s play with the height and width ratio of the coordinate system on the 

graph to be able to see the change easily. 

 

 First of all, the line comes under the x-axis. The result on the graph should 

already be in this way as fuel is something decreasing over time. If it were above the 

x-axis, we would probably be talking about the fact that how the fuel in the tank 
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replaces itself as the time goes. But unfortunately technology has not advanced so 

much yet . 

Secondly, we can see that the graph is left oblique.  

Therefore, we can say that this car accelerated initially and so the fuel consumption 

increased rapidly , and then the fuel consumption rate decreased gradually with 

regard of the decreasing speed. 

 

3. Happiness Level 

 With a similar example, we can look into  the date of happiness percentage of 

the people living in Turkey   compared to the years and we can create a function using 

the data of people who are very happy according to the chart. 

 

 (the data of Turkey Statistical  Agency) 

The graph of the people who are very happy is as follow. 

Because it contains a lot of data which is so bumpy, we certainly cannot write it in the 

form of f(x)= ….. but we can produce a function taking the average of these numerical 

values given. 

First, let's draw a graph with a spreadsheet program like Excel. 
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We can create an average curve with the numerical values of the same graph. 

We can see the probable functions of these curves through the program. 

The reason of  the decline in the happiness rate experienced between 2008 and 2009 

is probably the economic crisis occurred in 2009. 
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Different colors indicate different patterns in the graph as follows: 

Green: women / Yellow: men / Blue: the whole population 

What we can draw from the graph? 

-Women are happier than men in Turkey. 

-Women's happiness and the happiness of men is directly proportional to the years. 

-there was an overall decline of happiness in the years of 2008 and 2009. 

… 

and a lot more can be written. 

First, we examined the big picture; This was complex and not very clear. 

Then we looked at the charts and graphs ; This was more apparent than in the 

previous one. But it is not still clear enough. 

Finally, functions allowed us to have a more general and clear aspect. 

To sum up, we can say that the function is a tool that summarizes the relationship 

between the variables. 

 

4. Exercises 

1- Three pounds of squid can be purchased at the market for $18. Determine the 

equation and represent the function that defines the cost of squid based on weight. 

2- It has been observed that a particular plant's growth is directly proportional to 

time. It measured 2 cm when it arrived at the nursury and 2.5 cm exactly one week 

later. If the plant continues to grow at this rate, determine the function that 

represents the plant's growth and graph it. 

3- A car rental charge is $100 per day plus $0.30 per mile travelled. Determine the 

equation of the line that represents the daily cost by the number of miles travelled 

and graph it. If a total of 300 miles was travelled in one day, how much is the rental 

company going to receive as a payment? 
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Solutions 

1- Three pounds of squid can be purchased at the market for $18. Determine the 

equation and represent the function that defines the cost of squid based on weight. 

• 18/3 = 6    

• y = 6x 

 

 

 

 

2- It has been observed that a particular plant's growth is directly proportional to 

time. It measured 2 cm when it arrived at the nursury and 2.5 cm exactly one week 

later. If the plant continues to grow at this rate, determine the function that 

represents the plant's growth and graph it. 

• Initial height = 2 cm 

• Weekly growth = 2.5 − 2 = 0.5 

• y= 0.5 x + 2 

 

 

 

 

3-A car rental charge is $100 per day plus 

$0.30 per mile travelled. Determine the 

equation of the line that represents the 

daily cost by the number of miles travelled 

and graph it. If a total of 300 miles was 

travelled in one day, how much is the rental 
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company going to receive as a payment? 

• y = 0.3 x +100 

• y = 0.3 · 300 + 100 = $190 

 

e) Application in agriculture 
 

1. Understanding the Moon Phases 

2. Visible Part of the Moon 

3. Lunar Planting Calender 

4. The Beetroot Problem 

5. The Spinach Problem 

6. The Average Monthly Temperature 

7. Tasks 

 
1. Understanding the Moon Phases 

Have you ever wondered what causes 

the Moon phases? We all know that its 

appearance changes over time. But 

why? The good way to understand the 

phases of the Moon is to examine an 

Earth-Moon-Sun diagram. 

We give the parts of the Moon cycle 

different names, according to how the 

Moon appears to us.  

In order of appearance: 

1. New (also called the Dark Moon) - not visible 

2. Waxing Crescent 

3. First Quarter - commonly called a "half Moon" 
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4. Waxing Gibbous 

5. Full - we can see the entire illuminated portion of the Moon 

6. Waning Gibbous 

7. Third Quarter - another "half Moon", but the illuminated part is opposite of the 

First Quarter 

8. Waning Crescent 

9. New - back to the beginning 

10. This complete lunar cycle (New Moon to New Moon) is also called a "lunation". 

During this time the Moon will completely circle the Earth. That's the scientific 

definition, but you can take any phase; for instance a so-called "full Moon cycle" 

would be from Full Moon to Full Moon. 

 

 

 

 

2. Visible Part of the Moon 

The following table provides information about the visible part of the Moon during 

the first three months of 

2015.(http://aa.usno.navy.mil/data/docs/MoonFraction.php) 
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The data from the table is displayed in the coordinate plane. On the x axis 

there are days  counting from 1.1. 2015, and on the y-axis visible part of the Moon. 

 

Draw a curve connecting the plotted points. 

Which function can be approximated by the visible part of Moon?

 

Date  Moon 

5 1 

10 0,8 

15 0,35 

20 0,01 

25 0,26 

30 0,86 

35 1 

40 0,79 

45 0,31 

50 0 

55 0,32 

60 0,81 

65 1 

70 0,77 

75 0,26 

80 0,01 

85 0,37 

90 0,83 

94 1 

 

The visible part of the Moon  can be approximated by 

trigonometric function:  

𝑓(𝑡) = 𝐴𝑠𝑖𝑛𝐵(𝑡 − 𝐶) + 𝐷, 𝑓(𝑡) = 𝐴𝑐𝑜𝑠𝐵(𝑡 − 𝐶) + 𝐷 

In this example, we'll take the function 

𝑓(𝑡) = 𝐴cos𝐵(𝑡 − 𝐶) + 𝐷 

From the graph we can see  A = 0.5  i D = 0.5  

Function period of the lunar month is about 29.53 days 

 

 

C= 5 , because on January 5, the visibility of the Moon is 1. 

 

2 2
29.53

29.53
B

B

 
   

2
( ) 0.5cos ( 5) 0.5

29.53
f t t
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3. Lunar Planting Calender 

 In ancient times when man had no idea about the wristwatch, the most reliable 

source of telling the time was the Sun, Moon, and stars. There seems to have been  

several opinions of who came up with the Moon planting calendar first. Was it the 

Egyptians or the Babylonians? It is more  likely that each and every farmer had a 

planting calendar based on the Moon phases, and there would be different variations 

depending on the geographical location. As their calendars where passed on through 

the generations they have evolved to cover the different crops they tried to grow and 

the more productive farming techniques used. 

 It was noticed that different plants grow better when they are planted during 

different phases of the Moon. Each of these phases imparts an influence on the way 

vegetation grows on the planet through the rising and falling of the amount of 

moisture in the ground and in the plants. 

 There are three methods for planting due to the Moon. The Synodic, or waxing 

and waning cycle, the Sidereal, and the Biodynamic cycle. 

Waxing Crescent 

It is the best time for planting / seeding plants whose fruit is above 

ground and the seeds are not found in the fruit (lettuce, spinach, 

cabbage, cauliflower ...). 

First Quarter 

It is the best time for planting / seeding plants whose fruit is above 

ground and the seeds are in the fruit (beans, peas, peppers, tomatoes, 

melon ...). 

Waning Gibbous 

It is the best time for seeding / planting plants whose fruit is 

underground (beetroot, carrots, onions, potatoes ...). 
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Third Quarter 

The last quarter of the standstill period. If you want to slow down the growth of grass, 

it is a good period for mowing. 

 

4. The Beetroot Problem 

According to the lunar calendar favorable period for sowing 

beetroot is a week after the full Moon. If we know that the 

recommended period for seeding beetroot is from 15 April  to 

30 June, determine possible suitable dates of planting. 

Solution:  

How  beetroot should be sown in the period between 15 April to 30 June, to the 

105th and 181st day of the year, which means     

Draw a graph of lunar phases: 

 

 

 

According to the lunar calendar, the perfect time for seeding beetroot is a week after 

the full Moon. This interval is the number of functions which perform the maximum 

𝑡1 to number 𝑡1 + 7. 

 

2
( ) 0.5cos ( 5) 0.5

29.53
f t t
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Determine the point where the function has a maximum. 

0.5𝑐𝑜𝑠 (
2𝜋

29.53
(𝑡 − 5)) + 0.5 = 1 ⇒ 𝑐𝑜𝑠 (

2𝜋

29.53
(𝑡 − 5)) = 1 

2𝜋

29.53
(𝑡 − 5) = 2k𝜋 ⇒ 𝑡 = 5 + 29.53𝑘 

As 105 ≤ 𝑡 ≤ 181 ⟹ 105 ≤ 5 + 29.53𝑘 ≤ 181 ⟹ 3.4 ≤ 𝑘 ≤ 5.9, 𝑘 ∈ 𝛧,⟹ 𝑘 =

4, 𝑘 = 5 

𝑡1 = 123, 𝑡2 = 153 

Suitable intervals for seeding are [123,130], [153,160].  Determine the dates 

of the year as determined by the intervals. Suitable dates are from 3 May  to 10 May 

and from 3 June until 10 June. 

 

5. The Spinach Problem 

  The recommended period for sowing spinach is 

from 15 March to 21 June. If we know that  by the lunar 

calendar sowing is best to be done during the new 

Moon, determine favorable dates. 

Solution: 

How should spinach be sown in the period between 15 

March to 21 June, to the 74th and 172nd day of the year, which means                         . 

Draw a graph of lunar phases. 

 

According to the lunar calendar, the perfect time for seeding spinach is a week after 

the new Moon. This interval is the number of functions which perform the minimum 

𝑡1 to number 𝑡1 + 7. 

74 172t 
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Determine the point where the function has a minimum. 

0.5𝑐𝑜𝑠 (
2𝜋

29.53
(𝑡 − 5)) + 0.5 = 0 ⇒ 𝑐𝑜𝑠 (

2𝜋

29.53
(𝑡 − 5)) = −1 

2𝜋

29.53
(𝑡 − 5) = 𝜋 + 2k𝜋 ⇒ 𝑡 = 19.765 + 29.53𝑘 

As 74 ≤ 𝑡 ≤ 172,   74 ≤ 19.765 + 29.53𝑘 ≤ 172 ⟹ 1.83 ≤ 𝑘 ≤ 5.15, 𝑘 ∈ 𝛧,⟹

𝑘 = 2,  3,  4,  5 

𝑡1 = 79, 𝑡2 = 108, 𝑡3 = 138, 𝑡4 = 167 

Suitable intervals for seeding are [79,86], [108,115], [138,145], [167,172]. 

Determine the dates of the year as determined by the intervals.  

20.3 − 26.3,  18.4 − 25.4,18.5 − 25.5,  15.6 − 21.6  

 

 

6. The Average Monthly Temperature 

The table shows the average monthly temperature. 

I. II. III. IV. V. VI. VII. VIII. IX. X. XI. XII. 

5.6 

°C 

6.2 

°C 

8.7 

°C 

12.3 

°C 

16.9 

°C 

20.5 

°C 

23.1 

°C 

22.9 

°C 

19.1 

°C 

14.4 

°C 

9.9 

°C 

6.9 

°C 
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Make a scatter plot of the data. Find a cosine curve that models the data .  

𝑓(𝑡) = 𝐴cos𝐵(𝑡 − 𝐶) + 𝐷 

2𝐴 = |23.1 − 5.6| ⟹ 𝐴 = 8.75 

𝐷 = 14.35 

 
2𝜋

𝐵
= 12 ⟹ 𝐵 =

𝜋

6
≈ 0.524 

 C = 1 

 𝑓(𝑡) = −8.75𝑐𝑜𝑠0.524(𝑡 − 1) + 14.35 
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Spinach is recommended to be sown if the average temperature is between 14 ° C 

and 16 ° C. Compare the graphs of average temperatures and recommended planting 

dates and answer when sowing is more favorable. 

7. Tasks 

1. The temperature in a greenhouse is controlled by an electronic thermostat.  The 

temperatures vary according to the sinusoidal function:  

𝑦 = 25 + 10 𝑠𝑖𝑛 (
𝜋

12
(𝑥 − 11)). 

         a) What is the temperature in the  greenhouse at  8 a.m. when employees come 

to work? 

        b) What are the maximum and minimum temperatures in the greenhouse? 

2. The number of daylight at a given latitude can be modelled by a function  

𝑦 = 𝐴𝑠𝑖𝑛(𝐵(𝑥 − 𝐶)) + 𝐷. 

        The maximum number of daylight  hours is 14.4  and the minimum number  of  

        daylight hours is 9.9. The average number of hours of daylight is 12.15  and this is 

the length of  the day at spring equinox which occur on March 21 ( the 80th day of the 

year). 

          a) Find the function that models the number of hours of daylight as a function of 

the day of the year. 

          b) Suppose that a worker needs at  least 11 hours of daylight to complete a job. 

Between which two dates the job can be completed?  

3.  The Earth rotates at a 23.5° tilt from the verical. As the Earth revolves around the 

Sun, the amount of sunlight that each  

location receives changes based on its location and the relative position of the tilt to 

Sun. If the Earth wasn`t tilted, the  

amount of daylight at every location would be equal year-round. 

a) The following  table displays the sunrise and sunset times of the 15th of every 

month in 2015 for Dubrovnik, Croatia.  

The data were found on www.sunrisesunset.com. 
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Month 
Sunrise 

time 

Sunset 

time 

Hours 

of 

Sunlight 

Month 
Sunrise 

time 

Sunset 

time 

Hours 

of 

Sunlight 

1 7:15am 4.38pm 
 

7 5:23am 8:28pm 
 

2 6:46am 5.27pm 
 

8 5:53am 7:51pm 
 

3 6:09am 5:53pm 
 

9 6:23am 7:01pm 
 

4 6:07am 7:28pm 
 

10 7:00am 6:04pm 
 

5 5:20am 8.08pm 
 

11 6:38am 4:20pm 
 

6 5:09am 8:23pm 
 

12 7:10am 4:15pm 
 

 

• Complete the table by calculating the number of hours of sunlight for 15th of 

every month. 

• Make a scatter plot of the length of the day . 

• What type of model, if any, do you think would fit the data? Write a function that 

approximates the length of the day? 

• What is the average amount of sunlight that Dubrovnik,received per day ? 

• During which day(s) of the year will Dubrovnik have a day where half of the day is 

sunlight and half of the day not? 

• How many hours of sunlight will Dubrovnik receive on your birthday? 

• Pick your favorite city and collect data on the length of the day for a certain year. 

Create a model of the data. 
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5. Evaluation 
 

a) Functions quizzes 
 

Linear Functions Worksheet 

A. Represent Each Equation Graphically:  

1) y = 2 

2) y = −2  

3) y = ¾  

4) y = 0 

5) x = 0 

6) x = − 5  

7) y = x 

8) y = 2x 

9) y = 2x –  1 

 

B. Graph the following functions based on the information given:  

1) The l ine has a slope of −3 and its y - intercept is −1.  

2) The line has a slope of 4 and passes through the point (−3, 2).  

3) The line passes through points A (−1, 5)  and B (3, 7).  

4) The l ine passes through point P (2, −3) and is  parallel to the line 

y = −x + 7.  
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Solutions: 

A.  

1) y = 2 is a constant 

function.  

 

 

 

2) y = −2 is a constant 

function. 

 

 

 

 

 

3) y = ¾ is a constant 

function.  
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4) y = 0 is  a constant 

function.  

 

 

 

 

5) x = 0 is a vertical l ine.  

 

 

 

6) x = −5 is  a vertical 

l ine. 
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7) y = x is the identity 

function. 

x y=x 

0 0 

1 1 

 

 

 

8) y = 2x is a linear 

function.    

x f(x)=2x 

0 0 

1 2 

    

 

 

9) y = 2x − 1 is a l inear 

function.  

x f(x)=2x-1 

0 -1 

1 1 
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B. 

1) Graph the fol lowing 

functions based on the 

information given:  

The l ine has a slope of −3 

and its y- intercept is −1.  

 

x y=-3x-1 

0 -1 

1 -4 

 

 

 

 

2)   The line has a slope of 4 and 

passes through the point (−3, 2).  

y = 4 x + b       2 = 4 · (−3) +b      b 

= 14 

y = 4 x + 14 

 

x y=4x+14 

0 14 

1 18 
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3) The line passes through points A (−1, 5)  and B (3, 7). 

5 = −m + b   

−5 = m − b  

7 = 3m + b 

7 = 3m + b  

2 = 4m   

m = ½  b = 11/2 

y= ½x + 11/2  

 

x y = ½x + 11/2  

0 -1 

1 -2 

 

4) The line passes through point P (2, −3) and is parallel to the 

l ine y = −x + 7.  

m = −1  

−3 = − 1 · (−2) + b          

b = − 1  

y = −x −1  

 

x y = -x-1 

0 -1 

1 -2 
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Linear Function Word Problems 

 

1) Three pounds of squid can be purchased at the market for 

$18. Determine the equation and represent the function that 

defines the cost of squid based on weight.  

 

2) It  has been observed that a particular plant's growth is 

directly proportional to t ime. It  measured 2 cm when it  arrived at 

the nursury and 2.5 cm exactly one week later.  If  the plant 

continues to grow at this rate,  determine the function that 

represents the plant's growth and graph it .  

 

3) A car rental charge is  $100 per day plus $0.30 per mile 

travelled. Determine the equation of the line that represents the 

daily cost by the number of miles travelled and graph it .  If  a total  of 

300 miles was travelled in one day, how much is  the rental company 

going to receive as a payment?  

 

4) When digging into the earth, the temperature rises according 

to the fol lowing l inear equation:  

t = 15 + 0.01 h.  

t  is  the increase in temperature in degrees and  h  is  the depth in 

meters. Calculate:  

a) What the temperature wil l be  at 100 m depth? 

b) Based on this equation, at what depth would there be a 

temperature of 100 ºC?  

5) The pollution level in the centre of a city at 6 am is 30 parts 

per mil lion and it  grows in l inear fashion by 25 parts per mil l ion 
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every hour. If  y  is pollution and t  is  time elapsed after 6 am, 

determine: 

a) The equation that relates  y  with t .  

b) The pollution level at 4 o'clock in the afternoon.  

SOLUTIONS:  

1) Three pounds of squid can be purchased at the market for $18. 

Determine the equation and represent the function that defines the cost 

of squid based on weight.  

18/3 = 6   

y = 6x 

 

 

2) It  has been observed that a particular plant's growth is directly 

proportional to t ime. It  measured 2 cm when it  arrived at the nursury 

and 2.5 cm exactly one week later.  If  the plant continues to grow at 

this rate,  determine the function that represents the plant's growth 

and graph it.   
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Init ial  height:  2 cm 

Weekly growth: 

2.5 − 2 = 0.5  

y= 0.5 x + 2 

 

 

 

3)  A car rental charge is  $100 per day plus $0.30 per mile 

travelled. Determine the equation of the line that represents the 

daily cost by the number of miles travelled and graph it .  If  a total  of 

300 miles was travelled in one day, how much is  the rental company 

going to receive as a payment?  

y = 0.3 x +100  

y = 0.3 ·  300 + 100 =  $190 

 

 

 

4)  When digging into the earth, the temperature rises according to 

the fol lowing l inear equation:  

t = 15 + 0.01 h.  

t  is  the increase in temperature in degrees and  h  is the depth in 

meters. Calculate:  

a) What the temperature will  be at 100 m depth?  

t = 15 + 0.01 · 100 =  16 ºC  
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b) Based on this equation, at what depth would there be a temperature 

of 100 ºC?  

100 = 15 + 0.01 h =  8,500 m 

 

5) The pollution level in the centre of a city at 6 am is 30 parts per 

mill ion and it  grows in linear fashion by 25 parts per mill ion every hour. 

If y  is  pollution and t is  time elapsed after 6 am, determine:  

a) The equation that relates  y  with t .  

y = 30 + 25t 

b) The pollution level at 4 o'clock in the afternoon.  

10 hours have elapsed between 6 in the morning to four in  the 

afternoon. 

f(10) = 30 + 25 · 10 = 280  

 

6)  A faucet dripping at a constant rate fi l ls a test tube with 0.4 cm³ of 

water every minute. Form a table of values for time and capacity,  

determine the equation and represent it graphically.  

y  =0.4 x  

 

T ime Capacity 

1 4 

2 8 

3 12 

4 16 

…  …  
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7) For the function f(x)= ax + b, f(0) = 3 and f(1) = 4.  

a)  Determine the coefficients that satisfy the equation:  

f(0) = 3 

3 = a · 0 + b              b = 3  

f(1) = 4.  

4 = a · 1 + b               a = 1  

b)  Write the equation and represent it graphically:  

f(x) = x + 3  
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c)  Indicate the intervals where the function has a posit ive 

and negative value.  

x + 3 = 0  x = − 3  

f(−4) = −1 < 0f(0) = 3 > 0  

 

f(x) < 0  i f x< −3  

f(x) > 0  i f x> −3  

 

Quadratic Function Word Problems 

1)  From the graph of the function f(x)  = x 2 ,  graph the following 

translations:  

a) y = x² + 2  

b) y = x² − 2  

c) y = (x + 2)²  

d) y = (x + 2)²  

e) y = (x − 2)² + 2  

f) y = (x + 2)² − 2  

 

2)  Find the vertex and determine the equation of the axis of 

symmetry for the following parabolas : 

a) y = (x−1)² + 1  

b) y = 3(x−1)² + 1  

c) y = 2(x+1)² − 3  

d) y = −3(x − 2)²  − 5  

e) y = x² − 7x −18  
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f) y = 3x² + 12x − 5  

 

3)  Determine, without graphing, how many x -intersepts the 

following parabolas have:  

a) y = x² − 5x + 3  

b) y = 2x² − 5x + 4  

c) y = x² − 2x + 4  

d) y = −x² − x + 3  

 

4) Graph the fol lowing quadratic functions:  

a) y = −x² + 4x − 3  

b) y = x² + 2x + 1  

c) y = x² + x + 1  

 

5)  A quadratic function has an equation in the form y = x² + ax + a and 

passes through the point (1, 9). Calculate the value of a.  

 

6) The quadratic equation y = ax² + bx + c passes through the points 

(1,1), (0, 0) and (−1,1). Calculate the value of a, b and c.  

 

7) A parabola has its vertex at the point V(1,  1)  and passes through the 

point (0, 2). Find its equation.  
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Solutions: 

1) From the graph of the function f(x) = x 2,  graph the following 

translations:  

a) y = x² + 2  

b) y = x² − 2  

c) y = (x + 2)²  

d) y = (x + 2)²  

e) y = (x − 2)² + 2  

f) y = (x + 2)² − 2  

y = x²  

 

y = x² +2   

 
 

y = x² −2  
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y = (x + 2)²  

 

y = (x − 2)²  

 

y = (x − 2)² + 2  

  

y = (x + 2)² − 2  
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2)  Find the vertex and determine the equation of the axis of 

symmetry for the following parabolas:  

a)  y = (x − 1)²  + 1  

V = (1, 1)            x = 1 

b)  y = 3(x − 1)²  + 1  

V = (1, 1)            x = 1 

c) y= 2(x + 1)² − 3  

V = (−1,  −3)            x = −1  

d)    y= −3(x − 2)² − 5  

V = (2, −5)            x  = 2 

e) y = x² − 7x −18  

V = (7/2, −121/ 4)            x = 7/2 

f) y = 3x² + 12x –  5 

V = (−2 , −17 )            x = −2  

 

3) Determine, without graphing, how many x -intersepts the 

following parabolas have:  

a)  y = x² − 5x + 3  

b² − 4ac = 25 − 12 > 0   two x-intercepts  

b)  y = 2x² − 5x + 4  

b² − 4ac = 25 − 32 < 0   No x-intercept  

c)  y = x² − 2x + 4  

b² − 4ac = 4 − 4 = 0    One x-intercept  

d)  y = −x² − x + 3  
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b² − 4ac = 1 + 12 > 0   Two x-intercepts  

4) Graph the following quadratic functions:  

a) y = −x² + 4x − 3  

1. Vertex. 

x v  = − 4/ −2 = 2     y v  = −2² + 4· 2 − 3 = 1        V(2, 1)  

2. x-intercepts.  

x² − 4x + 3 = 0  

       (3, 0)      (1,  0)  

3. y- intercept. 

(0, −3)  

 

 

 

b) y = x² + 2x + 1  

1. Vertex 

x  v  = −  2/2 = −1     y  v  = (−1)² + 2 ·  (−1) + 1= 0        V(−1, 0)  

2. x-intercepts.  
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x² + 2x + 1= 0  

𝑥 =
−2 ± √4 − 4

2
=
−2

2
= −1 

Coincides with the point: (−1, 0)  

3. y- intercept. 

 (0,  1)  

 

 

c) y = x² + x + 1  

1. Vertex. 

x v  = −1/ 2     y v  = (−1/ 2)² + (−1/ 2) + 1= 3/4  

V(−1/ 2,  3/ 4)  

2. x-intercepts.  

x² + x + 1= 0  

1² − 4 < 0     No points.  

3. y- intercept. 

(0, 1)  
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5) A quadratic function has an equation in the form y = x² + ax + a 

and passes through the point (1, 9). Calculate the value of a.  

9 = 1² + a·  1 + a   

a = 4 

 

Absolute Value Functions  

Graph the Following Absolute Value Functions:  

1)  f(x) = |x − 2|  

2)  f(x) = |x² −4x + 3|  

3)  f(x) = |−x² + 5x − 4|  

4)  f(x) = |x| − x  

5)f(x)  = |x|/x 
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Solutions: 

1) Graph the absolute value function:  

f(x)  = |x − 2|  

x-2=0 

x=2 

𝑓(𝑥) = {
−(𝑥 − 2) 𝑠𝑖 𝑥 < 2
𝑥 − 2  𝑠𝑖 𝑥 ≥ 2

 

 

2) Graph the absolute value function:  

f(x)  = |x² −4x + 3|  

x² −4x + 3 = 0  x = 1 x = 3 

 

 

 

 

𝑓(𝑥) = {
𝑥2 − 4𝑥 + 3  𝑠𝑖  𝑥 < 1

−(𝑥2 − 4𝑥 + 3)   𝑠𝑖  1 ≤ 𝑥 < 3

𝑥2 − 4𝑥 + 3   𝑠𝑖  𝑥 ≥ 3
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3) Graph the absolute value function:  

f(x)  = |−x² + 5x − 4|  

−x² + 5x − 4 =0  x² − 5x + 4 =0  x = 1 x = 4 

 

𝑓(𝑥) = {
𝑥2 − 5𝑥 + 4  𝑠𝑖  𝑥 < 1

−(𝑥2 − 5𝑥 + 4)   𝑠𝑖  1 ≤ 𝑥 < 4

𝑥2 − 5𝑥 + 4   𝑠𝑖  𝑥 ≥ 4
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4) Graph the absolute value function:  

f(x)  = |x| − x  

x = 0 

𝑓(𝑥) = {
−𝑥 − 𝑥  𝑖𝑓  𝑥 < 0
−𝑥         𝑖𝑓  𝑥 ≥ 0

 

𝑓(𝑥) = {
−2𝑥       𝑖𝑓  𝑥 < 0
0             𝑖𝑓  𝑥 ≥ 0

 

 

5) Graph the absolute value function:  

f(x)  = |x|/x 

x = 0 

𝑓(𝑥) = {

−𝑥

𝑥
       𝑖𝑓  𝑥 < 0

𝑥

𝑥
           𝑖𝑓  𝑥 ≥ 0

 

𝑓(𝑥) = {
−1       𝑖𝑓  𝑥 < 0
1           𝑖𝑓  𝑥 ≥ 0

 

 

 



 

2015 
Functions 
Applications 

 

  195 
 

Mathematics Applied to Physics and Engineering 

 

Maximize Volume of a Box 

 

How to maximize the volume of a box using the first derivative of the volume. 

 

Problem 1: A sheet of metal 12 inches by 10 inches is to be used to make a open box. 

Squares of equal sides x are cut out of each corner then the sides are folded to make 

the box. Find the value of x that makes the volume maximum.  

Solution: 

• We first use the formula of the volume of a rectangular box.  

V = L * W * H  

• The box to be made has the following dimensions:  

L = 12 - x  

W = 10 - 2x  

H = x  

• We now write the volume of the box to ba made as follows:  

V(x) = x (12 - 2x) (10 - 2x) = 4x (6 - x) (5 - x) = 4x (x 2 -11 x + 30)  

• We now determine the domain of function V(x). All dimemsions of the box 

must be positive or zero, hence the conditions  

x > = 0 and 6 - x > = 0 and 5 - x > = 0  

• Solve the above inequalities and find the intersection, hence the domain of 

function V(x)  

0 < = x < = 5  
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• Let us now find the first derivative of V(x) using its last expression.  

dV / dx = 4 [ (x 2 -11 x + 3) + x (2x - 11) ] = 3 x 2 -22 x + 30  

• Let us now find all values of x that makes dV / dx = 0 by solving the quadratic 

equation  

3 x 2 -22 x + 30 = 0  

• Two values make dV / dx = 0: x = 5.52 and x = 1.81, rounded to one decimal 

place. x = 5.52 is outside the domain and is therefore rejected. Let us now examine 

the values of V(x) at x = 1.81 and the endpoints of the domain.  

V(0) = 0 , v(5) = 0 and V(1.81) = 96.77 (rounded to two decimal places)  

• So V(x) is maximum for x = 1.81 inches. The graph of function V(x) is shown 

below and we can clearly see that there is a maximum very close to 1.8.  
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Applications and Use of the Inverse Functions 

Examples on how to aplly and use inverse functions in real life situations and 

solve problems in mathematics. 

Example 1: Use inverse functions to solve equations.  

Solve the following equation  

Log ( x - 3) = 2 

Solution to example 1: 

 Since logarithmic and exponential functions are inverses of each other, we 

can write the following.  

A = Log (B) if and only B = 10 A  

 Use the above property of logarithmic and exponential functions to rewite 

the given equation as follows.  

x - 3 = 10 2  

 Solve for x to obtain.  

x = 103 

 

Example 2: Use inverse functions to find range of functions.  

Find the range of function f give by  

f(x) = 2 x / (x - 3) 

Solution to example 2: 

 We know that the range of a one to one function is the domain of its inverse. 

Let us first show that function f given above is a one to one function. Start 

with .  

f(a) = f(b)  

2 a / (a - 3) = 2 b / (b - 3)  

 Multiply all terms of the above equation by (a - 3)(b - 3) and simplify to 

obtain.  

2a (b - 3) = 2 b(a - 3)  
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 Expand.  

2a b - 6 a = 2 ba - 6 b  

 Add - 2 a b to both sides and simplify to obtain.  

a = b  

 Hence the given function is a one to one. let us find its inverse.  

y = 2 x / (x - 3)  

 Interchange x and y and solve for y.  

x = 2 y / (y - 3)  

y = 3x / (2 - x) 

 The inverse of function f is given by.  

f-1 (x) = 3x / (2 - x)  

 The domain of f-1 is the set of all real values except x = 2. Hence the range of f 

is the set of all real values except 2. 

 

Example 3: Use inverse functions find the angle of elevation of a camera.  

A camera is to take a series of photographs of a hot air balloon rising vertically. The 

distance between the camera at (B) and the launching point of the balloon (A) is 300 

meters. The camera must keep the balloon on sight and therefore its angle of 

elevation t must change with the height x of the balloon.  

a) Find angle t as a function of the height x.  

b) Find angle t in degrees when x is equal to 150, 300 and 600 meters. (approximate 

your answer to 1 decimal place).  

c) Graph t as a function of x. 
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Solution to example 3: 

 a) The opposite and the adjacent sides to angle t are x and 300 meters 

respectively, hence.  

tan(t) = x / 300  

 We now use the property of the tangent function and its inverse.  

tan -1(tan(x)) = x  

 To rewrite the equation tan(t) = x / 300 as follows.  

tan -1(tan(t)) = tan -1( x / 300 )  

 Simplify the left side of the above equation to obtain.  

t = tan -1( x / 300 )  

 b) The values of t at 150, 300 and 600 are found using a calculator..  

t(150) = 25.6 degrees (approximated to 1 decimal place)  

t(300) = 45.0 degrees  

t(600) = 63.4 degrees (approximated to 1 decimal place)  

 c) We use the values of t in part b) and extra points and graph t as a function 

of x..  
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x t 

0 0 

150 25.6 

300 45.0 

600 63.4 

1200 76.0 

3000 84.3 

 

  

 

Example 4: Use inverse functions to find radius of right circular cone.  

Five right circular cones, with the same height h = 50 cm, are to be constructed. The 

volumes of these cones are to be 200, 400, 800, 1600 and 3200 cm3. Find the radius of 

the base of each cone. 

Solution to example 4: 

 The formula of the volume V of a right circular cone with height h and radius r 

is given by.  

V = (1/3) pi r2 h  
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 Since we need to find the radius, we need to solve the above eqaution for r to 

obtain.  

r = SQRT(3 V / pi h)  

 What we have done above is to find the inverse function of V. We do not 

need to interchange the variables V and r because they have different 

meaning in this problem..  

 We now calculate the radius for each cone using the formula for the radius 

above..  

a) V = 200 , r = SQRT(3*200 / 50*pi) = 1.95 cm  

b) V = 400 , r = SQRT(3*400 / 50*pi) = 2.76 cm  

c) V = 800 , r = SQRT(3*800 / 50*pi) = 3.91 cm  

d) V = 1600 , r = SQRT(3*1600 / 50*pi) = 5.53 cm  

e) V = 3200 , r = SQRT(3*3200 / 50*pi) = 7.82 cm 

 

Example 5: Use inverse functions to solve population problems.  

The population of a certain city increase according to the following formula  

P = 200,000 e 0.01 t 

where P is the population and t the number of years, with t = 0 corresponding to the 

year 2000.  

When will the population be 300,000, 400,000 and 500,000? 

Solution to example 5: 

 We need to find t first by solving the given formula for t. Divide both sides of 

the given formula by 200,000..  

P / 200,000 = e 0.01 t  

 We now use the fact that the exponential and logarithmic functions are 

inverses of each other and rewrite the above exponential expression as 

follows.  

0.01 t = ln ( P / 200,000 )  
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 Solve for t..  

t = ln ( P / 200,000 ) / 0.01 

We now find t for the different values of P given above..  

a) P = 300,000 , t = ln ( 300,000 / 200,000 ) / 0.01 = 40.55 years , year 2041  

b) P = 400,000 , t = ln ( 400,000 / 200,000 ) / 0.01 = 69.31 years , year 2070  

c) P = 500,000 , t = ln ( 500,000 / 200,000 ) / 0.01 = 91.63 years , year 2092 

 

Real-World Applications of Exponential Functions 

 

Example 1 

Populations 

a. A tree frog population doubles every three weeks.  Suppose that currently, 

there are 10 tree frogs in your back yard.  How many tree frogs will there be 

in 6 months, assuming that there are four weeks each month? 

b. How long will it take this population to be 10,240? 

Solutions 

a. We’ll first have to figure out how many times this population will double in 4 

months.  With four weeks each month, the six months will be equal to 24 

weeks.  Since the population will double every three weeks, it will double 

8  times in 24 weeks.  Let’s look at the table below: 

  

Number of     Number of                       

Weeks            doubling periods                  Population 

0                                  0                                  10 

3                                  1                                  20  = 10 x 2, or 10 x 21 

6                                  2                                  40  = 10 x 2 x 2, or 10 x 22 

9                                  3                                  80  = 10 x 2 x 2 x 2, or 10 x 23 
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 After 24 weeks, the population will be 10 x 28, or 2560 tree frogs! 

b. If you look at the table above, you will notice that you could let n be the 

number of weeks.  How would you get the number of doubling periods from 

n?  

 That’s right, you divide n by 3!  So after n weeks, the population would be P = 10 x 

2(n/3). 

So we need to solve the equation 10,240 = 10 x 2(n/3).  If you divide both sides by 10, 

you’ll have 1024 = 2(n/3). 

With some thought, you can recall that 1024 = 210.  Watch what results: 

1024 = 2(n/3) 

210 = 2(n/3).  

So how can you find n?  

Think hard!  Both sides of the equation are written as powers of 2, so what has to be 

true?  Yes, the exponents, have to be the same! 

So now we know that 10 = n/3, and n = 30.  That means that after 30 weeks, the 

population will be 10,240. 

 

Example 2 

Bacterial Decay 

Currently, 80,000 bacteria are present in a culture. When an antibiotic is added to the 

culture, the number of bacteria is reduced by half every 3 hours. How many bacteria 

are left after a day? When will fewer than 1000 bacteria be present? 

Solutions 

After 3 hours, 80,000(1/2), or 40,000 bacteria are present.  A day would represent 

how many of these halving periods?  In other words, how many 3-hour time periods 

are there in a day?  Well, since a day has 24 hours, that would make 8 of these halving 

periods. 
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Number of     Number of                  

hours              halving periods        Number of bacteria 

0                      0                                  80,000 

3                      1                                  40,000 = 80,000(1/2) 

6                      2                                  20,000 = 80,000(1/2)(1/2), or 80,000(1/2)2 

24                    8                                 ? 

We’ll need to compute 80,000(1/2)8, which is 312.5.  Since we don’t really have half of 

a bacteria, we could round this answer up to about 313 bacteria after a day.  

Now when will fewer than 1000 bacteria be present?  We need to write an equation 

to represent this situation.  From the table above, we can see that the number of 

halving periods is the exponent placed on (1/2).  This means that we need to figure 

out the solution to the equation 80,000(1/2)(n/3) < 1000.  

Dividing both sides of the inequality by 80,000 gives (1/2)(n/3) < 1/80. 

A little common sense tells us some things about powers of ½. 

(1/2)2 = ¼ 

(1/2)3 = 1/8 

(1/2)5 = 1/32 

(1/2)6 = 1/64 

(1/2)7 = 1/128 

Since (1/2)7 < 1/80 < (1/2)6, then n/3 must be somewhere between 6 and 7, giving n 

somewhere between 18 and 21 hours. 

We can narrow this down more with a little work.  

We are interested in solving (1/2)n/3 = 1/80.  Logarithms can help here.  

Whenever the variable we want to find is in the exponent, logs can help release it 

from that position so that we can find it.  

Here is how: 
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log (1/2)n/3 = log 1/80           (because if two quantities are equal, so are their  

                                                  logs). 

(n/3)log (1/2) = log 1/80       (this is a well-known property of logarithms) 

n/3 = (log 1/80) / log(1/2)    so, 

n = 3 (log 1/80) / log (1/2);  that is, n is approximately 18.97 hours, or about 19  

                                            hours.  Our hunch was right! 

 

 

Composition of Functions: 

Word Problems using Composition 

 

• You work forty hours a week at a furniture store. You receive a $220 weekly 

salary, plus a 3% commision on sales over $5000. Assume that you sell enough this 

week to get the commission. Given the functions f (x) = 0.03x and g(x) = x – 5000, 

which of( f o g)(x) and (g o f )(x) represents your commission? 

Well, ( f o g)(x) =  f(g(x)) would mean that I would take my sales x, subtract off 

the $5000that didn't get the commission, and then multiply by 3%.  

On the other hand, (g o f )(x) = g(f (x)) would mean that I would take my 

sales x, multiply by 3%, and then subtract $5000from the result. This could land me in 

negative numbers! (Would I owe money to my boss?) 

So ( f o g)(x) does what we need it to do: (f o g)(x) represents my 

commission. 

If you're not sure how the formulas are working, try plugging in numbers that 

you can understand, and pay attention to what you do with those numbers. The 

formula you need will be the same process. In the case of the commission formula 

above, you could test the following sales values: 
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total sales   $3000 $6000 $8000 

commission   

sales   

$3000 – $5000 

=–$2000 

$6000 – $5000 

= $1000 

$8000 – $5000 

= $3000 

commission   $0 (0.03)($1000)= $30 (0.03)($3000)= $90 

 

For each sales value, I first subtracted $5000 to see if I'd sold enough to earn any 

commission at all. If I had, then I multiplied by 3%. Then I should apply the "subtract 

five thousand" formula first, and then apply the "multiply by three percent" formula 

last. This matches f(g(x)) = ( f o g)(x), which confirms my earlier answer. 

• You make a purchase at a local hardware store, but what you've bought is too 

big to take home in your car. For a small fee, you arrange to have the 

hardware store deliver yourpurchase for you. You pay for your purchase, plus the 

sales taxes, plus the fee. The taxes are 7.5% and the fee is $20.   

(i)  Write a function t(x) for the total, after taxes, on the purchase 

amount x. Write another function f(x) for the total, including the delivery fee, on the 

purchase amount x. 

(ii)  Calculate and interpret ( f o t)(x) and (t o f )(x). Which results in a lower cost to 

you? 

(iii)  Suppose taxes, by law, are not to be charged on delivery fees. Which composite 

function must then be used? 

This sort of calculation actually comes up in "real life", and is used for 

programming the cash registers. And this is why there is a separate button on the 

register for delivery fees and why they're not rung up as just another purchase. 

(i)  The taxes are 7.5%, so the tax function is given by t(x) = 1.075x 

The delivery fee is fixed, so the purchase amount is irrelevant. 

The fee function is given by f (x) = x + 20 

(ii)  Composing, I get this: 
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( f o t)(x) = f (t(x)) = f (1.075x) = 1.075x + 20 

(t o f )(x) = t( f (x)) = t(x + 20) = 1.075(x + 20) 

    = 1.075x + 21.50 

Then I would pay more using (t o f )(x), because I would be paying taxes 

(the t(x) formula) on the delivery fee (the "+20" in the f (x) formula). I would prefer 

that the delivery fee be tacked on after the taxes, because ( f o t)(x) results in a lower 

cost to me. 

(iii)  If the state is not allowed to collect taxes on delivery fees, then: 

The function to use is ( f o t)(x). 

 Your computer's screen saver is an expanding circle. The circle starts as a dot 

in the middle of the screen and expands outward, changing colors as it grows. With a 

twenty-one inch screen, you have a viewing area with a 10-inch radius (measured 

from the center diagonally down to a corner). The circle reaches the corners in four 

seconds. Express the area of the circle (discounting the area cut off by the edges of 

the viewing area) as a function of time t in seconds. 

Since the circle's leading edge covers ten inches in four seconds, the radius is 

growing at a rate of (10 inches)/(4 seconds) = 2.5 inches per second. Then the 

equation of the radius r, as a function of time t, is:    

r(t) = 2.5t 

The formula for the area A of a circle, as a function of the radius r, is given by: 

𝐴(𝑟) = 𝜋𝑟2 

Then the area, as a function of time, is found by plugging the radius equation into the 

area equation, and simplifying the composition: 

𝐴(𝑡) = (𝐴 ∘ 𝑟)(𝑡) = 𝐴(𝑟(𝑡)) = 𝐴(2.5𝑡) = 𝜋(2.5𝑡)2 = 𝜋(6.25𝑡2) = 6.25𝜋𝑡2 

Then the function they're looking for is: 

𝐴(𝑡) = 6.25𝜋𝑡2 
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b) Real Life Questions 
 

1) Throwing a Ball 

A ball is thrown straight up, from 3 m above the ground, with a velocity of 14 

m/s. When does it hit the ground? 

Ignoring air resistance, we can work out its height by adding up these three 

things: 

The height starts at 3 m: 3 

It travels upwards at 14 meters per second (14 m/s): 14t 

Gravity pulls it down, changing its speed by about 5 m/s per second (5 m/s2): −5t2 

(Note for the enthusiastic: the -5t2 is simplified from -(½)at2 with a=9,81 m/s2)   
   

Add them up and the height h at any time t is: 

h = 3 + 14t - 5t2 

And the ball will hit the ground when the height is zero: 

3 + 14t - 5t2 = 0 

Which is a Quadratic Equation ! In "Standard Form" it looks like: 

-5t2 + 14t + 3 = 0 

Let us solve it ... 

There are many ways to solve it, here we will use the factoring method: 

Multiply all terms by −1 to make it easier: 5t2 − 14t − 3 = 0 

Now our job is to factor it. 

We will use the "Find two numbers that multiply to give a×c, and add to 

give b" method in Factoring Quadratics. 

a×c = −15, and b = −14. 

The positive factors of −15 are 1, 3, 5, 15, and one of the factors  

has to be negative. 

By trying a few combinations we find that −15 and 1 work  
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(−15×1 = −15, and −15+1 = −14) 

Rewrite middle with -15 and 1:   5t2 − 15t + t − 3 = 0 

Factor first two and last two:   5t(t − 3) + 1(t − 3) = 0 

Common Factor is (t - 3):   (5t + 1)(t − 3) = 0 

And the two solutions are:   5t + 1 = 0 or t − 3 = 0 

       t = −0,2  or  t = 3 

The "t = −0,2" is a negative time, impossible in our case. 

The "t = 3" is the answer we want: 

The ball hits the ground after 3 seconds! 

 

Here is the graph of the Parabola h = -5t2 + 14t + 3. 

It shows you the height of the ball vs time. 

Some interesting points: 

(0,3)   When t=0 (at the start) the ball is at 3 m. 

(-0,2,0)   Says that -0,2 seconds BEFORE we threw the ball it was at ground 

level ... this never happened, so our common sense says to ignore it! 

(3,0)   Says that at 3 seconds the ball is at ground level. 

Note also that the ball reaches nearly 13 meters high. 
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Note for the enthusiastic: You can find exactly where the top point is! The method is 

explained in Graphing Quadratic Equations, and has two steps: 

Find where (along the horizontal axis) the top occurs using -b/2a: 

• t = -b/2a = -(-14)/(2 × 5) = 14/10 = 1,4 seconds 

Then find the height using that value (1,4) 

• h = -5t2 + 14t + 3 = -5(1,4)2 + 14 × 1,4 + 3 = 12,8 meters 

So the ball reaches the highest point of 12,8 meters after 1,4 seconds. 

  

2) New Sports Bike 

You have designed a new style of sports bicycle! 

Now you want to make lots of them and sell them for profit. 

Your costs are going to be: 

• $700.000 for manufacturing set-up costs, advertising, etc 

• $110 to make each bike 

  

Based on similar bikes, you can expect sales to follow this "Demand Curve": 

• Unit Sales = 70.000 - 200P 

Where "P" is the price. 
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For example, if you set the price: 

• at $0, you would just give away 70.000 bikes 

• at $350, you would not sell any bikes at all. 

• at $300 you might sell 70.000 - 200×300 = 10.000 bikes 

So ... what is the best price? And how many should you make? 

 

Let us make some equations! 

How many you sell depends on price, so use "P" for Price as the variable 

• Unit Sales = 70.000 - 200P 

• Sales in Dollars = Units × Price = (70.000 - 200P) × P = 70.000P - 200P2 

• Costs = 700.000 + 110 x (70.000 - 200P) = 700.000 + 7.700.000 - 22.000P = 

8.400.000 - 22.000P 

• Profit = Sales-Costs = 70.000P - 200P2 - (8.400.000 - 22.000P) = -200P2 + 

92.000P - 8.400.000 

Profit = -200P2 + 92.000P - 8.400.000 

Yes, a Quadratic Equation. Let us solve this one by Completing the Square. 

 

Solve: -200P2 + 92.000P - 8.400.000 = 0 

Step 1 Divide all terms by -200 

P2 – 460P + 42000 = 0 

Step 2 Move the number term to the right side of the equation: 

P2 – 460P = -42000 

Step 3 Complete the square on the left side of the equation and balance this by 

adding the same number to the right side of the equation: 

(b/2)2 = (-460/2)2 = (-230)2 = 52900 

P2 – 460P + 52900 = -42000 + 52900 

(P – 230)2 = 10900 

Step 4 Take the square root on both sides of the equation: 
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P – 230 = ±√10900 = ±104 (to nearest whole number) 

Step 5 Subtract (-230) from both sides (in other words, add 230): 

P = 230 ± 104 = 126 or 334 

What does that tell us? It says that the profit is ZERO when the Price is $126 or $334 

But we want to know the maximum profit, don't we? 

It is exactly half way in-between! At $230 

  

And here is the graph: 

Profit = -200P2 + 92.000P - 8.400.000 

The best sale price is $230, and you can expect: 

• Unit Sales = 70.000 - 200 x 230 = 24.000 

• Sales in Dollars = $230 x 24.000 = $5.520.000 

• Costs = 700.000 + $110 x 24.000 = $3.340.000 

• Profit = $5.520.000 - $3.340.000 = $2.180.000 

A very profitable venture. 

 

3) Small Steel Frame 

 

 Your company is going to make frames as part of a new product they are launching. 
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The frame will be cut out of a piece of steel, and to keep the weight down, the final 

area should be 28 cm2. 

The inside of the frame has to be 11 cm by 6 cm. 

What should the width x of the metal be? 

Area of steel before cutting: 

Area = (11 + 2x) × (6 + 2x) cm2 

Area = 66 + 22x + 12x + 4x2 

Area = 4x2 + 34x + 66 

Area of steel after cutting out the 11 × 6 middle: 

Area = 4x2 + 34x + 66 - 66 

Area = 4x2 + 34x 

  

Let us solve this one graphically! 

The desired area of 28 is shown as a horizontal line. 

The area equals 28 cm2 when: x is about -9,3 or 0,8. 

The negative value of x make no sense, so the answer is: 

x = 0,8 cm (approx.). 
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 4) River Cruise 

A 3 hour river cruise goes 15 km upstream and then back again. The river has 

a current of 2 km an hour. What is the boat's speed and how long was the upstream 

journey? 

  

There are two speeds to think about: the speed the boat makes in the water, and the 

speed relative to the land: 

• Let x = the boat's speed in the water (km/h) 

• Let v = the speed relative to the land (km/h) 

Because the river flows downstream at 2 km/h: 

• when going upstream, v = x-2 (its speed is reduced by 2 km/h) 

• when going downstream, v = x+2 (its speed is increased by 2 km/h) 

We can turn those speeds into times using: 

time = distance / speed 

(to travel 8 km at 4 km/h takes 8/4 = 2 hours, right?) 

And we know the total time is 3 hours: 

total time = time upstream + time downstream = 3 hours 

Put all that together: 

total time = 15/(x-2) + 15/(x+2) = 3 hours 
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Now we use our algebra skills to solve for "x". 

First, get rid of the fractions by multiplying through by (x-2)(x+2): 

3(x-2)(x+2) = 15(x+2) + 15(x-2) 

Expand everything: 

3(x2-4) = 15x+30 + 15x-30 

Bring everything to the left and simplify: 

3x2 - 30x - 12 = 0 

It is a Quadratic Equation! Let us solve it using the Quadratic Formula: 

 𝑥 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
 

where a, b and c are from the Quadratic Equation in "Standard Form": ax2 + bx + c = 0. 

Solve 3x2 - 30x - 12 = 0. 

Coefficients are:   

a = 3, b = -30 and c = -12. 

Quadratic Formula:    

x = [ -b ± √(b2-4ac) ] / 2a 

 Put in a, b and c:    

x = [ -(-30) ± √((-30)2-4×3×(-12)) ] / (2×3) 

 Solve:   x = [ 30 ± √(900+144) ] / 6 

    x = [ 30 ± √(1044) ] / 6 

    x = ( 30 ± 32,31 ) / 6 

    x = -0,39 or 10,39 

  

Answer: x = -0,39 or 10,39 (to 2 decimal places). 

x =-0,39 makes no sense for this real world question, but x = 10,39 is just perfect! 

Answer: Boat's Speed = 10,39 km/h (to 2 decimal places). 

And hence the upstream journey = 15 / (10,39-2) = 1,79 hours = 1 hour 47min. 

And the downstream journey = 15 / (10,39+2) = 1,21 hours = 1 hour 13min. 
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5) Resistors In Parallel 

Two resistors are in parallel, like in this diagram: 

  

The total resistance has been measured at 2 Ohms, and one of the resistors is known 

to be 3 ohms more than the other. 

What are the values of the two resistors? 

The formula to work out total resistance "RT" is: 

1 
  =   

1 
  +   

1 

   RT R1 R2 

In this case, we have RT = 2 and R2 = R1 + 3. 

1 
  =   

1 
  +   

1 

   2 R1 R1+3 

 

Now, let us set about solving this: 

Get rid of the fractions by multiplying  all terms by 2R1(R1 + 3): 

2R1(R1 + 3) 
= 

2R1(R1 + 3) 
+ 

2R1(R1 + 3) 

   2 R1 R1+3 

 

Simplify:    R1(R1 + 3) = 2(R1 + 3) + 2R1 

Expand to:    R12 + 3R1 = 2R1 + 6 + 2R1 

 Bring all terms to the left:  R12 + 3R1 - 2R1 - 6 - 2R1 = 0 

 Simplify:    R12 - R1 - 6 = 0 

Yes! A Quadratic Equation ! 

Let us solve it using our Quadratic Equation Solver. 
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• Enter 1, -1 and -6 

• And you should get the answers -2 and 3 

R1 cannot be negative, so R1 = 3 Ohms is the answer. 

The two resistors are 3 ohms and 6 ohms. 

  

Graphing Quadratic Equations 

A quadratic equation in standard form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 (a, b, and c can have any 

value, except that a can't be 0) . 

Here is an example: 

 𝟓𝒙𝟐 − 𝟑𝒙 + 𝟑 = 𝟎 

 

Graphing 

You can graph a Quadratic Equation using the Function Grapher, but to really 

understand what is going on, you can make the graph yourself. Read On! 

 

The Simplest Quadratic 

The simplest Quadratic Equation is: 

f(x) = x2 

And its graph is simple too: 

  

This is the curve f(x) = x2. 

It is a parabola. 
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Now let us see what happens when we introduce the "a" value: 

f(x) = ax2 

  

• Larger values of a squash the curve 

• Smaller values of a expand it 

• And negative values of a flip it upside down 

  

 Play With It 

Now is a good time to play with the "Quadratic Equation Explorer" so you can  

see what different values of a, b and c do. 

 

 

The "General" Quadratic 

Before graphing we rearrange the equation, from this: 

f(x) = ax2 + bx + c 

to this: 

f(x) = a(x-h)2 + k 

http://www.mathsisfun.com/algebra/quadratic-equation-graph.html
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Where: 

• h = -b/2a 

• k = f(h) 

In other words, calculate h (=-b/2a), then find k by calculating the whole equation for 

x=h. 

 

First of all ... why? 

Well, the wonderful thing about this new form is that h and k show us the very lowest 

(or very highest) point, called the vertex: 

 

And also the curve is symmetrical (mirror image) about the axis that passes through 

x=h, making it easy to graph.     

 

So ... 

• h shows us how far left (or right) the curve has been shifted from x=0 

• k shows us how far up (or down) the curve has been shifted from y=0 

Lets see an example of how to do this: 

Example: Plot f(x) = 2x2 - 12x + 16 

First, let's note down: 

• a = 2, 

• b = -12, and 

• c = 16. 

Now, what do we know? 
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• a is positive, so it is an "upwards" graph ("U" shaped) 

• a is 2, so it is a little "squashed" compared to the x2 graph 

Next, let's calculate h: 

h = -b/2a = -(-12)/(2x2) = 3 

And next we can calculate k (using h=3): 

k = f(3) = 2(3)2 - 12·3 + 16 = 18-36+16 = -2 

So now we can plot the graph (with real understanding!): 

 

 

We also know: the vertex is (3,-2), and the axis is x=3 

 

From A Graph to The Equation 

What if we have a graph, and want to find an equation? 

Example: you have just plotted some interesting data, and it looks Quadratic: 

  

Just knowing those two points we can come up with an equation. 

Firstly, we know h and k (at the vertex): 

(h, k) = (1,1) 

So let's put that into this form of the equation: 
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f(x) = a(x-h)2 + k 

f(x) = a(x-1)2 + 1 

Then we calculate "a": 

We know (0, 1,5) so:  

f(0) = 1,5.  

And we know the function (except for a): 

 f(0) = a(0-1)2 + 1 = 1,5. 

 Simplify:  

 f(0) = a + 1 = 1,5 

 a = 0,5. 

And so here is the resulting Quadratic Equation: 

f(x) = 0,5(x-1)2 + 1. 

 Note: This may not be the correct equation for the data, but it’s a good model and 

the best we can come up with. 
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